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σ
s 
y                                            yield stress of the solid cell walls 
σ
f 
y                                           yield stress of the foam filler 
R
2
                                           the coefficient of determination 
RMSE                                    root-mean-square error 
k                                             the number of design variables 
M                                            the number of design sampling points 
   IX 
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M1, M2                               the plastic bending moment of external flange plate and internal crossing 
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σm                                      the mean stress in a strain range calculated by energy efficiency method 
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Abstract 
Conventional thin-walled tubes are structurally simple with good energy absorption capacity. 
However, they usually exhibit high initial peak force and violent fluctuations of plateau force in crush, 
which are detrimental as energy absorbers. Besides, their collapse modes are highly sensitive to 
random defects from manufacturing inaccuracy. To overcome these shortcomings, a common 
approach is to introduce properly designed geometric imperfections on the tube to trigger the crushing 
procedure in controlled folding modes and reduce the crushing force fluctuations. But the 
conventional method of introducing geometric imperfections may significantly reduce the energy 
absorption capacity of the tube. To increase the energy absorption capacity of tubes, many approaches 
have been used, e.g., the employment of stiffening ribs and the introduction of buckling controller. 
However, these methods may result in complicated mechanical response without significantly 
reducing the initial peak force. It is challenging to simultaneously reduce the initial peak force and 
crushing force fluctuations while maintain or increase the energy absorption capacity when designing 
thin-walled energy absorption structures. Origami technology, usually applied in the kinetic 
engineering field, has potential in controlling the folding modes of thin-walled tubes and reducing the 
impact force. However, there are few applications for the energy absorption in terms of origami 
technology. Also, the influence of different origami patterns on the energy absorption capacities of 
conventional tubes has not been systematically studied. Therefore, it is essential and necessary to 
conduct a systematic investigation on the energy absorption of structures with origami patterns. 
In this thesis, tubular structures with different origami patterns were specially designed and 
investigated experimentally and numerically. Firstly, Yoshimura (diamond) patterns were introduced 
to circular tube to create two types of origami tubes, i.e., full-diamond tube and diamond tube. The 
mechanical responses of the newly designed origami tubes were investigated through experimentally 
validated numerical simulations considering different wall thickness. The results showed that pre-
folded origami patterns could significantly reduce the initial peak force while increasing (in full-
diamond tube) or maintaining (in diamond tube) the specific energy absorption as compared to 
conventional circular tubes in crush when the tube wall was sufficiently thin. An alternative design 
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was performed by introducing smoothed dimpled ellipsoidal patterns other than origami hinge lines 
on tube surfaces. The pre-designed ellipsoidal patterns were arranged in staggered manner in 
circumferential (concaving inwards) and longitudinal (concaving outwards) directions. The influences 
of various design parameters, such as the aspect ratio of ellipse, the number of structural units, dimple 
depth and wall thickness, on the mechanical properties and energy absorption capacities of dimpled 
tubes were investigated systematically via numerical simulations and experiments. The results showed 
that properly designed dimpled tubes had substantially lower initial peak force and remarkably less 
fluctuation in crushing force than circular tubes, without significantly sacrificing the mean crushing 
force. Additionally, the influences of the number of structural units and the base material properties on 
the mechanical properties and energy absorption capacity of the full-diamond tubes were numerically 
investigated. The results showed that, as compared to the dimpled tubes, the initial peak force of full-
diamond tubes with identical arrangement of structural units was relatively lower, while the mean 
crushing force could be higher if the structural units were properly arranged. It was also found that the 
material property had remarkable influence on the energy absorption capacity owing to the sensitivity 
of material constitutive relation on the buckling mode of full-diamond tubes. 
As multi-cell tubes have been reported to be able to enhance the specific energy absorption as 
compared to conventional single-cell tubes, the combination of the multi-cell feature and origami 
pattern may bring innovative structural designs for energy absorption. In this thesis, origami folding 
patterns were introduced on the external walls to guide the buckling procedure, while the internal ribs 
of the multi-cell tube worked as stiffeners to enhance the strength. Three novel types of multi-cell 
thin-walled tubular structures with pre-folded diamond origami patterns were then proposed. The 
influences of various structural parameters on the mechanical properties and energy absorption 
capacities were systematically investigated via experimentally validated numerical simulations. Based 
on the numerical results, multi-objective optimizations were performed on the specially designed 
tubes by linearly weighted average method, aiming to find the optimal designs with low initial peak 
force, high specific energy absorption and small fluctuation of the crushing force. The response 
surface method (RSM) was utilized in the optimizations to formulate the objective functions. 
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Theoretical analyses were conducted based on simplified buckling models and a theoretical solution 
for the mean crushing force was derived for the quadruple-cell origami-patterned tubes. A series of 
optimal designs were obtained with balanced initial peak force, specific energy absorption and 
fluctuation of the crushing force. It was found from the results that origami-patterned and origami-
triggered quadruple-cell tubes could maintain relatively high specific energy absorption (SEA) as 
compared to the conventional quadruple-cell square tube, while the origami-patterned quintuple-cell 
tubes have the highest values. Furthermore, dynamic tests on specific optimal multi-cell tubes were 
conducted by using drop weight tests. The influence of the origami patterns on the dynamic 
mechanical properties and the buckling mechanisms of multi-cell tubes were investigated by using 
experimentally validated finite element modelling. The results showed that, for the origami-patterned 
quadruple-cell tube, the optimal design obtained from the dynamic simulations had almost identical 
geometric dimensions to the quasi-static ones, while the design objectives of origami-triggered 
quadruple-cell tube were increased simultaneously as compared to the quasi-static model. For the 
origami-patterned quintuple-cell tube, no evident differences were found between the quasi-static and 
dynamic models. 
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Chapter 1  
 
Introduction 
1.1 Background 
Modern society sees rapid development in transportation industry and vehicles have become essential 
components of people’s daily life. In Australia alone, according to the figures released in 2015 by 
Australian Bureau of Statistics (ABS, 2015), the registered vehicles significantly rose by 22% from 
2000 to 2015, reaching at 18,007,767, i.e., 764 registered motor vehicles per 1,000 residents. 
Consequently, there have been an increasing number of accidents on road every day, leaving a large 
amount of casualties in vehicle crashes. It was reported in the statistical summary of road trauma of 
Australia (Commonwealth_of_Australia, 2017), there were 1,201 fatal crashes in 2016, killing 1,295 
lives, which was 7.5% higher than that in 2015. Meanwhile, the crash of vehicles may also lead to 
damages to the transport infrastructures (Johnson and Mamalis, 1978, Johnson, 1990). Owing to all 
these reasons, it becomes a major societal issue to improve the vehicle safety. 
The research on energy absorption structures or materials for crashworthiness purpose has attracted 
much attention since the 1970s, especially in automobile industry (Johnson and Reid, 1977, Johnson 
and Reid, 1986). Thin-walled metal tubes are widely used as energy absorption components in 
automotive industry due to their structural simplicity, cost efficiency, excellent specific energy 
absorption capacity and crashworthiness (Alghamdi, 2001, Abramowicz, 2003, Lu and Yu, 2003). 
Under uniaxial compressive loadings, thin-walled tubes with proper dimensions deform in a manner 
of progressive buckling (Mahmood and Paluszny, 1981), experiencing severe plastic deformation that 
dissipates massive kinetic energy in collapse. Figure1-1 illustrates the body structure of a 2017 Audi-
A4 (Huetter, 2015), in which the crash boxes (blue coloured) installed behind the bumpers are 
designed to absorb the impact energy in collision to prevent the significant impact force from hurting 
the passengers. Similar applications could also be found as the primary energy absorbers of trains 
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(Martinez et al., 2004, Tyrell et al., 2006), the landing gears of aircrafts (Airoldi and Janszen, 2005, 
Krason and Malachowski, 2008) and the bow structures of ships (Yang and Caldwell, 1988, Pedersen 
et al., 1993). After series of experimental and theoretical investigations on the mechanical response of 
metallic tubes under crushing loads, it has been found that there are key characteristics that could be 
applied to quantify the energy absorption capacity, i.e., specific energy absorption (SEA), the energy 
absorbed per unit mass; initial peak force (Pi), the first reaction peak on load-displacement curve; 
mean crushing load (Pm), the total energy absorption dividing effective crushing displacement; as well 
as the fluctuation of crushing load (ΔP), the standard deviation of crushing force in the plateau region. 
 
Fig. 1-1. The body frame structure for 2017 Audi-A4 (Huetter, 2015). 
Among various conventional tubes for energy absorption applications with different cross-sectional 
profiles, circular tube and rectangular tube are the most commonly used owing to their simplicity and 
predictable buckling modes. The mechanical performance of both the two types of tube have been 
intensively studied through quasi-static and dynamic crushing tests (Abramowicz and Jones, 1984a, 
Abramowicz and Jones, 1984b, Abramowicz and Jones, 1986, Andrews et al., 1983, Guillow et al., 
2001), along with their corresponding theoretical analyses (Abramowicz, 1983, Alexander, 1960). As 
the cross-section shape is a key factor affecting the mechanical responses under uniaxial crushing load, 
similar studies were also performed on the polygonal section tubes (Mamalis et al., 1991, Mamalis et 
al., 2003a, Rossi et al., 2005, Fan et al., 2013), as well as the tubes with varying cross-section shapes 
along the longitudinal direction, e.g., tapered circular tubes (SINGER, 1965, Ramsey, 1977, Mamalis 
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and Johnson, 1983) and rectangular tubes (Reid and Reddy, 1986, Mamalis et al., 2001, Nagel and 
Thambiratnam, 2004). It should be noted that, apart from the uniaxial crushing, the plastic 
deformation with ductile splitting (Reddy and Reid, 1986, Atkins, 1987, Huang et al., 2002b, Huang 
et al., 2002a) and inversion (Guist and Marble, 1966, Al-Hassani et al., 1972, Reddy, 1992, Reid and 
Harrigan, 1998) could also dissipate impact energy during the buckling process.  
To enhance the energy absorption capacity of conventional tubes, two types of composite tubular 
structures have been proposed, i.e., foam-filled tube and multi-cell tube. Foam-filling was found to be 
an efficient approach to enhance the crashworthiness of thin-walled tubes (Davies and Magee, 1975, 
Thornton, 1980), as the foam filler could evidently reduce the half wavelength of the tube, and the 
interactions between the foam and tube wall could enhance the resistance in loading direction. The 
research on multi-cell tubes was initially inspired by the founding that the number of angle elements 
could significantly influence the mechanical response of axially crushed tubes (Wierzbicki and 
Abramowicz, 1983, Wierzbicki and Abramowicz, 1989). Multi-cell tube could be regarded as the 
combination of conventional tubes, in which the cellular section could uniformly dissipate the 
crushing load, thus increasing the weight-efficiency of energy absorption. Although both the two 
approaches could significantly enhance the energy absorption capacity of conventional tubes, the 
effective crushing displacement was evidently reduced, along with relatively higher costs as compared 
to conventional metallic tubes in fabrication. 
Origami, which is often connected with Japanese paper art, is associated with folding a flat sheet of 
paper into 2D or 3D models. Based on a series of mathematical studies on the geometric folding rules, 
it has been found that, through proper pattern design, a piece of paper could be transferred to any 
types of shape (Demaine and O’Rourke, 2007). Figure 1-2 shows a special origami model of the 
Stanford Bunny (Turk and Levoy, 2005), which has been commonly used as test models in computer 
graphic. Generally, all the origami models should follow the reverse folding rules (Engel, 1989), i.e., 
initial mountain folding line could be bend and reversed to valley folding lines with the creation of 
diagonal folding lines crossing the mountain line. Based on the basic origami design principles, T-
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tachi proposed several origami software (Rigid Origami Simulator (Tachi, 2009c), Origamizer (Tachi, 
2009a) and Freeform Origami (Tachi, 2009b)), which could be used to design and simulate the 
folding process of origami models. 
 
Fig. 1-2. Origami Stanford Bunny (Genie, 2012). 
In the traditional nature of origami, it was discouraged to use cut or glue methods to form the 
objective model, while the situation is slightly changed in modern applications. As shown in Fig. 1-3, 
the kinetic model of flip-flop, originally proposed by Yenn using a single piece of paper (Cramer, 
2000), was illustrated in a more direct and intuitive way with the assembly of two identical basic 
modules (Tachi and Miura, 2012). With the glue and cut operations, the origami technique has been 
developed into diverse range of forms and patterns. Origami is not only for entertainments and art, its 
folding technique has attracted much attention in numerous research areas of different engineering 
fields, e.g., computer science (Mitani and Suzuki, 2004, Hara and Sugihara, 2009), architecture design 
(Sorguç et al., 2009, Shen and Nagai, 2017), as well as chemical biology (Niemeyer, 2010, Castro et 
al., 2011, Han et al., 2011) and others (Shenoy and Gracias, 2012, Zhu and Li, 2014). On the other 
hand, as the origami folding behaviour could be regard as compliant mechanisms (Greenberg et al., 
2011, Bowen et al., 2013), the applications of origami technique in structure engineering obtained 
more wide and inspiring achievements than that in other fields (Peraza-Hernandez et al., 2014, Lebée, 
2015, Peraza Hernandez, 2016). However, most of the aforementioned applications mainly focused on 
the mechanical properties of origami technology. Moreover, the investigations on the influence of 
origami patterns on the energy absorption performance of conventional tubes were relatively few as 
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compared to other origami studies. Therefore, the research on the origami tube illustrated in this thesis 
is important and essential in the field of origami applications for energy absorption.  
 
Fig. 1-3. Construction of woven cylinder module: flip-flop by Yenn (Tachi and Miura, 2012). 
1.2 Aim and Scope 
Conventional thin-walled tubes are structurally simple with good energy absorption capacity. 
However, their collapse mode is highly sensitive to random defects accompanied by high initial peak 
force and violent fluctuations in the plateau region, which increases the risks of whiplash injuries 
(Barnsley et al., 1994, Ommaya et al., 1968) and submarining effect (Mertz and Irwin, 2015, Arbogast 
et al., 2007) in accidents. To overcome these shortcomings, many approaches have been proposed to 
improve the structural design. A frequently used method is to introduce geometric imperfections to 
conventional tubes (Marshall and Nurick, 1998, Yuen and Nurick, 2009, Bodlani et al., 2009). 
However, the results showed that, although the initial peak force was evidently reduced with smaller 
crushing force fluctuations as compared to the conventional tubes, the energy absorption capacity was 
reduced as well. This phenomenon was probably caused by the weakened resistance of the tube in the 
loading direction.  
This research designs a special type of thin-walled metallic tubular structure with origami patterns 
pre-defined on the tube surface to guide the collapse process during uniaxial compression, aiming to 
reduce the initial peak force and fluctuations of crushing load, while maintain or enhance the energy 
absorption capacity. However, a key issue remained to be resolved is the selection of proper origami 
patterns, which could guide the collapse without evidently sacrificing the bearing capacity of the 
axially crushed tube. It has been commonly accepted that buckling mode is of significant importance 
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in determining the energy absorption capacity of tubes under axial crush. After the introduction of 
origami patterns, the buckling mode may change significantly, leading to unpredictable mechanical 
response. Moreover, the employment of origami patterns was a special approach of introducing 
regular geometric imperfections, which would result in reduced loading resistance as well. Only when 
more plastic deformations are involved, the newly designed tubes could obtain higher energy 
absorption than the conventional ones.  
This research mainly focused on the structure design and numerical analyses of the new thin-walled 
tubular structures with origami patterns, designated as origami tubes in this thesis. The influence of 
different design parameters on the mechanical properties was systematically investigated by finite 
element modelling and validated by experiments. 
The main contents for this research are illustrated as follows: 
 Designing different types of thin-walled tubular structures with various origami patterns; 
 Investigating the mechanical properties and energy absorption capacities of the specially 
designed origami tubes under quasi-static and dynamic axial crushing load through numerical 
simulations and physical experiments; 
 Proposing theoretical models to analyse the mechanical process of axially crushed origami 
tubes; and, 
 Applying multi-objective optimization approaches to seek for the optimal designs (low initial 
peak force, small crushing force fluctuations and high specific energy absorption) among the 
identical type of origami tubes. 
1.3 Organisation of the thesis 
Literature reviews were firstly presented in Chapter 2, with the main focus on the surveys of reported 
mechanical properties of the axially crushed thin-walled metallic tubes, i.e., conventional tubes with 
square and circular sectional shapes, as well as the specially designed tubular structures with 
geometric improvements. The applications of origami patterns in the engineering field were also 
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reviewed in Chapter 2, together with different types of origami tubes proposed by other researchers. 
The multi-objective optimization approaches employed in this research were illustrated in the end of 
this chapter, as well as the response surface methodology (RSM) and its error evaluation models. 
In Chapter 3, two types of origami tubes (diamond and full-diamond) were produced by introducing 
different origami patterns to conventional circular tubes. Finite element analyses were conducted to 
investigate the influence of different origami patterns and wall thickness on the mechanical properties 
and energy absorption capacities of axially crushed origami tubes. The numerical results were 
validated by quasi-static axial compression tests on 3D printed brass tubes. 
In Chapter 4, a novel type of tubular structure was proposed, in which predesigned ellipsoidal dimples 
were introduced into conventional circular tubes. The influence of different design parameters on the 
mechanical response of dimpled tubes was systematically investigated via finite element modelling. 
Quasi-static compression tests were conducted on 3D printed brass tubes for the verification of 
numerical simulations. 
Chapter 5 investigated the influence of structural unit arrangements, material properties and dynamic 
effects on the mechanical response of the origami tube with full-diamond origami patterns. To 
identify the influence of material properties, two material models were employed. One materials 
model was characterized by uniaxial tensile tests (applied in Chapter 4) while the other one was from 
the work done by Ren et al. (Ren et al., 2015) (applied in Chapter 3). Dimpled tubes with identical 
structural unit arrangements and conventional circular tube were introduced to make a comparison 
with full-diamond tubes. 
In Chapter 6, three novel types of multi-cell tubular structures with pre-folded origami patterns were 
proposed. Experimentally validated finite element modelling was conducted to study the influence of 
geometric parameters on the mechanical properties. Multi-objective optimization was performed on 
the different types of multi-cell origami tubes to obtain the optimal designs, which had low initial 
peak force, small crushing force fluctuations and large specific energy absorption. Theoretical 
Chapter 1   12 
analysis was carried out based on the simplified folding procedure proposed by Chen and Wierzbicki 
(Chen and Wierzbicki, 2001). 
Chapter 7 included the dynamic analyses of the three types of multi-cell origami tubes proposed in 
Chapter 6. Multi-objective optimization was performed on the quadruple-cell origami-patterned tubes 
and obtained the optimal designs with the best performance in the design criteria, which was 
compared with the ones obtained under quasi-static crushing load. The optimal designs obtained in 
Chapter 6 was simulated with the dynamic loading to investigate the influence of the origami patterns 
on the dynamic mechanical properties and the buckling mechanisms of multi-cell tubes. Drop weight 
tests were performed on 3D printed brass tubes to verify the simulation results. 
A brief summary of the research and limitations of the work were discussed and presented in Chapter 
8, as well as the suggestions recommended for the future work. 
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Chapter 2  
 
Literature Review 
This chapter presented six topics with the reviews of previous work associated with thin-walled 
metallic tubular structures for energy absorption. The first two topics reviewed the investigations 
conducted on the axially crushed circular and square tubes both in quasi-static and dynamic situations, 
followed by the previous studies on the composite tubular structures with multi-cell sectional profiles 
and foam fillers. The fourth topic was a review of previous improvements on the structure design 
aiming to overcome the shortcomings existing in the conventional tubes. The advantages and 
drawbacks of different designs were presented and discussed. The applications of origami technology 
in different scientific fields were reviewed in the fifth topic, including two sections mostly relevant to 
specially designed origami tubes. Finally, multi-objective optimization approaches based on response 
surface methodology (RSM) were illustrated in the last topic, along with the presentation of different 
error evaluation methods. 
2.1 Circular tube 
2.1.1 Collapse mode 
It is acknowledged that, for the axially crushed tubes, the impact energy is mainly dissipated by the 
plastic deformations. Thus, the buckling mode is of significant importance in determining the energy 
absorption capacity of tubes under axial crush. It is reported that axially crushed circular tubes mainly 
exhibit three typical buckling modes including concertina mode (axi-symmetric mode), diamond 
mode (non-symmetric mode), and mixed mode of the combination of both two modes. Figure 2-1 
illustrated the three typical buckling modes for the circular tubes. It can be found from the graph that 
the concertina buckling mode shows more folding lines than the diamond mode and mixed one, which 
may result in more plastic deformations in crush. Therefore, the concertina buckling mode is 
supposed to have much higher energy absorption capacity than the other two types of buckling modes. 
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It has been found that the buckling mode is mainly determined by the geometric dimensions of the 
tube. To figure out the relationships, Andrews et al. (Andrews et al., 1983) conduced series of quasi-
static compression tests on 189 circular tubes to quantify the effects of diameter, wall thickness and 
tube length on the buckling mode under axial crushing load. A classification graph was presented in 
their work, which could be used to estimate the collapse mode of metallic circular tubes. Further 
investigations were conducted by Guillow et al. (Guillow et al., 2001), in whose work, parameters and 
analytical solutions proposed by Andrew et al. (Andrews et al., 1983) were expanded and 
experimentally validated. The classification chart proposed by Guillow et al. (Guillow et al., 2001) 
was shown in Fig. 2-2, which demonstrated that when the ratio of diameter to thickness (D/t) was 
greater than 90, most tubes buckled in diamond mode. For the tubes with D/t<90, concertina mode 
would show up when the ratio of height to diameter (H/D) was smaller than two. Mixed mode would 
take place with the 28<D/t<90 and H/D>2. It should be noted that, slender tubes may tend to buckle 
globally (Euler bucking), which should be avoided due to its instability and poor energy absorption 
capacity. 
 
Fig. 2-1. Buckling modes for circular tubes: (a) concertina mode, (b) diamond mode and (c) mixed mode. 
(Guillow et al., 2001) 
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Fig. 2-2. Mode classification chart for circular 6060-T5 aluminium tubes (Guillow et al., 2001). 
2.1.2 Theoretical analyses 
Figure 2-3 illustrated the load-displacement curve of an aluminium circular tube under quasi-static 
crushing load. Generally, either concertina mode or diamond mode, the axially crushed tube would 
buckle with progressive folding deformations, which caused the crushing force fluctuations in the 
plateau region of the load-displacement curve. The first peak load was named as the initial peak force 
(buckling load), which was supposed to be evidently higher than the other mountains as massive 
energy was requested for the buckling of conventional straight tubes. The energy absorbed during the 
crushing process could be simplified as the area below the load-displacement curve. The averaged 
crushing force was known as the mean crushing force, which could be used as a measurement for the 
energy absorption capacity. 
 
Chapter 2   16 
 
Fig. 2-3. Typical load–displacement curve for an axially loaded thin-walled metal circular tube collapsed in 
progressive folding (Guillow et al., 2001). 
The initial peak force of circular tubes was initially studied in the strength tests, aiming to find the 
maximum support force of the tube without failure deformations. Earlier strength tests showed that 
the concertina buckling mode usually happened in relatively thick tubes (Robertson, 1928, Lundquist, 
1933), while relatively thin tubes were supposed to obtain diamond buckling mode (Yoshimura, 1955). 
All these findings showed good agreements with the classification chart proposed by Guillow et al. 
(Guillow et al., 2001). For the theoretical analysis, Yoshimura (Yoshimura, 1955) derived an 
expression for the initial peak force (buckling load) for the diamond mode, which agreed well with the 
experimental data. Allan (Allan, 1968) later conducted a series of strength tests on the circular tubes 
with a wide range of diameter to thickness ratio (D/t), and obtained both two types of buckling mode 
in the experiments. Based on the experimental data, Allan (Allan, 1968) suggested that the maximum 
load that the circular tube could support without local buckling should be smaller any one of: 
ya DtP   (2-1) 
2Et
r
dr
KP ca

  (2-2) 
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where, Pa denoted the axial load of tube, σy stood for the yield stress, Kc was a constant depending on 
the tube end conditions, dr represented the small change in the radial direction, Δr denoted the 
maximum amplitude of buckle wave, and E was the Young’s modulus.  
As compared to the calculation of the initial peak force, more efforts have been made on the 
theoretical analysis of the mean crushing load due to its importance in quantifying the energy 
absorption capacity. Alexander (Alexander, 1960) experimentally investigated the mechanical 
response of circular tubes under quasi-static axial loadings, and proposed simplified folding patterns 
depending on the concertina buckling mode, as shown in Fig. 2-4(a). Based on the simplified 
theoretical model, the analytical solution for the mean crush load was derived as:  
2/12/308.6 DtP ym   (2-3) 
 
Fig. 2-4. Theoretical models for the concertina buckling mode proposed by (a) Alexander (Alexander, 1960), (b) 
Abramowicz and Jones (Abramowicz and Jones, 1986), and (c) Grzebieta (Grzebieta, 1990). (h was the half-
wavelength of fold) 
This theoretical solution was later improved by Abramowicz and Jones (Abramowicz and Jones, 
1984a) by taking the effective crushing distance (Abramowicz, 1983) into account, as the tube walls 
in crushing was observed to bend in curvatures instead of folding in straight lines. Based on the 
modified theoretical model (Fig. 2-4(b)), they proposed another theoretical formulae for the mean 
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quasi-static crushing load, which was later improved by themselves (Abramowicz and Jones, 1986) 
with further modifications on the analysis model. 
2/1
22/32/1
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where, σ0 was plastic flow stress equalling to yield stress for perfectly plastic material. 
Grzebieta (Grzebieta, 1990) found that the theoretical model proposed by Abramowicz and Jones 
(Abramowicz and Jones, 1986) was mostly suitable for the tubes with lower D/t ratio. For the tubes 
with relatively thin wall thickness, there was a flat region between the hinges instead of only extended 
curvatures, as shown in Fig. 2-4(c). Based on these findings, Grzebieta modified the theoretical 
concertina folding patterns, and proposed an approach to formulate the displacement dependent 
crushing force, which could be applied to obtain the force-displacement curve during the crushing 
process. However, the accuracy for the theoretical predictions was not outstanding as the circular tube 
was found to be significantly sensitive to the imperfections generated during fabrication process 
(Donnell, 1950).  
Wierzbicki et al. (Wierzbicki et al., 1992) observed that circular tube buckling in concertina mode 
folded both inward and outward. To consider this phenomenon in analysis, their team introduced a 
parameter named as the eccentricity factor, which was defined as the ratio of outward deformation to 
the total fold length. However, the eccentricity factor could not be calculated theoretically until the 
work done by Singace et al. (Singace et al., 1995), which was further experimentally investigated by 
Singace and Elsokby (Singace and Elsobky, 1996). With the theoretical value for the eccentricity 
factor, Singace et al. (Singace et al., 1995) derived the expression for the mean crushing force as: 
)41.157.5( 22/12/30 tDtPm   (2-5) 
As compared to the theoretical analyses on the concertina mode, the studies on the diamond mode 
were barely satisfactory. Pugsley (Pugsley, 1960) proposed a simplified version for the diamond 
buckling process, and derived the expression of the mean crushing force. However, the theoretical 
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value of the mean crushing force obtained by the formula was found to be much smaller than the 
experimental results. The expression was later improved by Pugsley (Pugsley, 1979) with a modified 
theoretical model along with the improved expression of the mean crushing force, which agreed well 
with experimental results. 
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where, nd was the number of diamond patterns in the circumferential direction. 
 
Fig. 2-5. Simplified models for diamond buckling mode of (a) long tubes, (b) short tubes, and (c) travelling 
hinge ranges. (rt was travelling hinge radius) (Johnson et al., 1977) 
Johnson et al. (Johnson et al., 1977) attempted to develop a theory for the diamond mode on PVC 
tubes. Their team investigated the effects of tube length and proposed various collapse patterns of 
diamond buckling mode with the demonstration of paper models, as shown in Fig. 2-5(a) and (b). The 
experimental results also showed that the plastic hinges were travelling across the tube surface during 
the collapse rather than fixed lines. Therefore, they proposed local deformations for the diamond 
folding deformations with the form shown in Fig. 2-5 (c). Assuming the radius for the travelling hinge 
(rt) was constant, the formula for the mean crushing force was written as: 
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where, Mp was the plastic bending moment per unit length. 
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Similar to the finding of concertina mode, Singace (Singace, 1999) observed that the collapse patterns 
of diamond mode were also folded outward and inward simultaneously. Therefore, he introduced the 
eccentricity factor to the theoretical analysis for the diamond mode as well. However, in this case, the 
eccentricity factor was defined as the ratio of the inward folding length to the total fold length other 
than the outward length to the total length that applied in the concertina mode. The expression for the 
mean crushing force was derived as: 
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It should be noted that the number of folding lobes (nd) in the circumferential direction employed in 
the above expressions could only be obtained experimentally. No establishments have been proposed 
for the prediction of this factor. 
2.1.3 Dynamic effects 
The theoretical analyses reviewed in Section 2.1.2 are mainly dependent on the folding profiles. In 
engineering applications, thin-walled metallic tubes subjected to dynamic crushing loads would 
collapse rapidly, where the initial peak force would be evidently higher than the one obtained in 
quasi-static crushing tests. This phenomenon is mainly caused by the contribution arises from inertial 
resistance and strain-rate effects on the enhancements of yield stress of the material. With the 
consideration of material strain rate sensitivity, the aforementioned expressions for the mean crushing 
force could be modified by replacing the plastic flow stress with the dynamic plastic flow stress, 
which could be calculated through the Cowper-Symonds relation (Cowper and Symonds, 1957): 
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where, σ
d 
0  denoted the dynamic plastic flow stress;  ̇ was the strain rate, which was regard as a 
constant in the calculation; q and B are material constants. 
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However, it was found that when a tube with relatively thin wall thickness was subjected to a high 
velocity impact in the longitudinal direction, the initial dynamic response would be more complicated 
than that of progressive buckling (Jones, 2011). The surface of the tube might wrinkle periodically 
along the longitudinal direction before large folding deformations, meaning the entire structure was 
involved in a uniform deformation process. This phenomenon was also called dynamic plastic 
buckling. In this occasion, both strain-rate effects and inertia effects should be considered. 
Karagiozova et al. (Karagiozova et al., 2000) and Karagiozova and Jones (Karagiozova and Jones, 
2000, Karagiozova and Jones, 2001b) intensively investigated the dynamic effects on the impact 
crushed tubes from the viewpoint of stress wave propagations and obtained several findings, as shown 
below: 
1. Thin-walled tubes made of strain-rate insensitive materials could buckle in either dynamic 
plastic buckling or dynamic progressive buckling patterns, depending on the inertia properties. 
2.  Thin-walled tubes made of strain-rate sensitive materials always buckle progressively no 
matter under high velocity impact load or quasi-static crushing load. 
3. Thicker tubes made of materials with large strain hardening characteristics tend to respond by 
dynamic plastic buckling, while the thinner tubes made of materials with small strain 
hardening behaviours always respond by progressive buckling. 
Karagiozova and Jones further investigated the influence of the material properties, geometric 
dimensions, boundary conditions and loading types on the mechanical properties and the energy 
absorption capacities (Karagiozova and Jones, 2001a); as well as the dynamic inelastic buckling 
behaviours of circular tubes subjected to axial impact loads (Karagiozova and Jones, 2002). Similar 
work was done by Murase and Wada (Murase and Wada, 2004). They numerically studied the 
conditions for the transition from progressive plastic buckling to dynamic plastic buckling of thin-
walled circular tubes with an increase of the velocity of the axial impact load. The numerical results 
showed that the transition could be influenced by different design parameters, e.g., boundary 
conditions, friction coefficient between the tube and supporter, the shape of initial deformation profile 
and the impact velocity. 
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2.2 Square tube 
2.2.1 Collapse mode 
The collapse modes for the square tubes are substantially different to that of circular tubes. It has been 
reported in experimental studies that there are mainly two types of buckling modes for the axially 
crushed square tube, i.e., compact mode and non-compact mode. Compact buckling mode is a typical 
deformation mechanism for the square tubes during compression, while the non-compact buckling 
mode only occurs when the tube wall is substantially thin, and the crushed tube would be separated by 
several curved panels. 
A typical view of the compact mode was illustrated in Fig. 2-6(a), which showed that, in the same 
layer, two opposite lobes deformed outwards while the other two opposite lobes moved inwards. It 
should be noted that there were other collapse patterns for the compact mode, e.g., all the four lobes 
simultaneously moved inwards or outwards or other asymmetric buckling patterns. All these finding 
were extensively illustrated in the work of Abramowicz and Jones (Abramowicz and Jones, 1984b). 
Figure 2-6 (b) plotted the non-compact mode for the square tube with substantially large D/t ratio. 
Thornton et al. (Thornton et al., 1983) suggested that the deformations in non-compact mode may 
lead to Euler buckling mode, which was relatively instability and inefficient for the energy absorption. 
 
Fig. 2-6. Collapse patterns for square tubes: (a) compact mode (D/t=32.4 (Abramowicz and Jones, 1984b)) and 
(b) non-compact mode (D/t=98.68 (Reid et al., 1986)).  
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To further investigate the mechanical response of square tubes, Meng et al. (Meng et al., 1983) 
conducted a series of axial crushing tests on PVC square tubes and captured a collection of successive 
buckling procedure for the crushed specimen, as shown in Fig. 2-7. In their studies, the buckling 
patterns observed in experiments were visually illustrated by paper models with travelling plastic 
buckling lines, showing a final inclination of about π/4 on the straight corner. 
 
Fig. 2-7. The deformation process for PVC specimens with H/D = 1 and D/t = 29.4 corresponding to a series of 
paper models. (Meng et al., 1983) 
2.2.2 Theoretical analyses 
Figure 2-8 plotted a typical force-displacement curve for the metallic square tube under quasi-static 
crushing load. It can be clearly seen from the graph that the curve was very similar to that of circular 
tubes (Fig. 2-3), the force dropped rapidly after the initial peak force and then fluctuated periodically. 
This similarity was caused by the progressive collapse deformations obtained by both square and 
circular tubes under axial crushing load. 
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Fig. 2-8. Typical load-displacement curve for square tube under quasi-static axial crushing load (Abramowicz 
and Jones, 1984b). 
 
Fig. 2-9. Basic folding elements for (a) inextensional folding and (b) extensional folding. (Wierzbicki and 
Abramowicz, 1989) 
Based on the collapse patterns observed in experiments, simplified theoretical models have been 
proposed for the description of the collapse mechanism of axially crushed tubes. Wierzbicki and 
Abramowicz (Wierzbicki and Abramowicz, 1983, Abramowicz and Wierzbicki, 1979) presented a 
self-consistent theory with the establishment of a basic folding element, which was also named as 
super folding element. Figure 2-9(a) illustrated the deformation mode for the super folding element, 
which was composed of four trapezoidal elements, two horizontal cylindrical surfaces, two inclined 
conical surfaces, and a toroidal surface. In this model, the energy was supposed to be dissipated by the 
plastic deformation occurred in the shadow areas. Therefore, during the deformation process, the four 
trapezoidal elements would move as rigid planes, while the two horizontal cylindrical surfaces would 
bend around the idealized plastic hinge lines. The conical surfaces were formed by the propagation of 
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the travelling plastic hinges, and localized in-plane stretching would occur in toroidal surface. 
Depending on these assumptions, they derived the formula of the mean crushing force for the compact 
mode with inextensional deformations: 
3/13/5
056.9 DtPm   (2-10) 
Another important finding in this study is that, the three major mechanisms (cylindrical, conical and 
toroidal surfaces) dissipated the same amount of energy in crushing; demonstrating two thirds of the 
energy was absorbed through the inextentional deformations at stationary and travelling plastic 
hinges. 
Hayduk and Wierzbicki (Hayduk and Wierzbicki, 1984) observed that, in spite of the inextensional 
folding mode, the square tube may also fail in extensional folding mode for substantially thick tubes, 
in which the neighbouring flanges with initially rectangular shapes were transformed to trapezoidal 
elements around a fixed hinge line. Figure 2-9(b) illustrated a modified model for this theory, i.e., the 
fixed hinge line was replaced by two conical surfaces to widen the plastic deformation area for the 
accuracy of prediction. Based on the extensional folding element, Abramowicz and Jones 
(Abramowicz and Jones, 1984b) derived the mean crushing force depending on the energy balance 
postulate: 
2
0
2/12/3
0 209.7 tDtPm    (2-11) 
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Fig. 2-10. Asymmetric mixed collapse patterns of (a) paper model and specimen for mode A and (b) paper 
model and specimen for mode B. (Abramowicz and Jones, 1984b) 
Apart from the symmetric buckling modes (inextensional and extensional mode), Abramowicz and 
Jones (Abramowicz and Jones, 1984b, Abramowicz and Jones, 1986) found that the square tubes 
sometimes would buckle in asymmetric mode, which was the combination of both two types basic 
folding elements. Figure 2-10 illustrated two typical views for the asymmetric mode, which had three 
lobes moving outwards and one inwards (corresponding to the asymmetric mode A), or two 
neighbouring lobes deforming outwards and the other two inwards (corresponding to the asymmetric 
mode B). Based on aforementioned theoretical mode, Abramowicz and Jones (Abramowicz and Jones, 
1984b) formulated the dynamic crushing mean force with the consideration of effective crushing 
displacement, which was later slightly modified by themselves (Abramowicz and Jones, 1986) with 
the improvements of kinematic effects. 
The symmetric mode with inextensional collapse patterns: 
3/13/5
006.13 DtPm   (2-12) 
Asymmetric mode A: 
2
0
3/23/4
0
3/13/5
0 51.079.073.10 tDtDtPm    (2-13) 
Asymmetric mode B: 
2
0
3/23/4
0
3/13/5
0 26.044.048.11 tDtDtPm    (2-14) 
The symmetric mode with extensional collapse patterns: 
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0
2/12/3
0 04.216.8 tDtPm    (2-15) 
It should be noted that when the values calculated by the above equations were similar to each other, 
the geometric imperfections would become the predominant factor influencing the buckling modes 
(Hui, 1986). Furthermore, the asymmetric deformations of mode A and mode B would contribute to 
the inclination of the tube in the longitudinal direction, which may lead to Euler buckling after the 
developments of asymmetric lobes.  
2.2.3 Dynamic effects 
Similar to the studies on the dynamic plastic buckling of circular tubes, Karagiozova (Karagiozova, 
2004) investigated the buckling of square tubes under axial impact load from the viewpoint of elastic-
plastic stress wave propagation. It was found that the material hardening properties could only 
influence the speed of the slow plastic stress wave, while the shear stress effects could affect both fast 
and slow plastic stress waves. Karagiozova and Jones (Karagiozova and Jones, 2004) later intensively 
studied the mechanical response of the dynamic buckling of elastic-plastic square tubes under axial 
impact. It was found that the elastic and plastic stress waves along the longitudinal direction could 
significantly affect the initiation of elastic-plastic buckling. The propagations of plastic stress waves 
along square tubes were faster than those propagating in circular tubes. The combination of high 
plastic wave speeds and the inertia properties could cause different types of buckling between the 
circular and square tubes with same geometric dimensions and materials, as well as subjected to 
identical dynamic loads. Furthermore, the lateral inertia effects were found to have substantial 
influences on the effective crushing displacement and energy absorption capacity of square tubes.  
2.3 Multi-cell and foam-filled tubes 
2.3.1 Multi-cell tubes 
As mentioned in Section 2.2.2, Wierzbicki and Abramowicz (Wierzbicki and Abramowicz, 1983, 
Abramowicz and Wierzbicki, 1979) observed that two thirds of the impact energy was dissipated by 
the travelling plastic hinge lines and in-plane stretching in the corner regions for the axially crushed 
square tubes in contrast to the one third absorbed by the fixed horizontal plastic hinge lines. In spite of 
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this finding, they also found that the folding wavelength of the tube was determined by section width 
and wall thickness: the smaller width and thinner tube wall, the smaller folding wavelength for the 
collapse patterns. This phenomenon demonstrated that more plastic hinge lines could be obtained 
along with increased energy absorption in compression. Based on these findings, multi-cell tubes 
aroused the attention of the design of energy absorption structures, as their folding wavelength was 
much smaller than that of conventional tubes. 
Chen and Wierzbicki (Chen and Wierzbicki, 2001) analytically and numerically studied the 
mechanical response of double-cell and triple-cell square tubes (Fig. 2-11(a) and (b)), and observed 
evident increase in the specific energy absorption in comparison with that of conventional single-cell 
tubes. Based on the Super folding element theory (Wierzbicki and Abramowicz, 1983), a simplified 
folding procedure was proposed by Chen and Wierzbicki (Chen and Wierzbicki, 2001), in which a 
basic folding element was combined with stationary hinge lines and extensional (or compressional) 
triangular elements, representing the bending and membrane deformation, respectively. The 
theoretical solution for the mean crushing force derived by the simplified theory agreed very well with 
the numerical results.  
 
Fig. 2-11. The plane views of different types of multi-cell tubes of (a) double-cell square tube, (b) triple-cell 
square tube (Chen and Wierzbicki, 2001), (c) new multi-cell tube (Kim, 2002), (d) quintuple-cell circular tube 
(Tang et al., 2013) and (e) multi-cell triangular tube (Hong et al., 2014).  
Kim (Kim, 2002) developed a special type of multi-cell square tube with four square elements at the 
corner, as shown in Fig. 2-11(c). The results showed that the specific energy absorption (SEA) of the 
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new tube was evidently increased by 100% as compared to conventional single-cell tubes. Based on 
the simplified basic folding element theory proposed by Chen and Wierzbicki (Chen and Wierzbicki, 
2001), theoretical values of the mean crushing force were calculated and showed good agreements 
with the numerical results. With the derived functions of the mean crushing force, it was found that 
energy absorption capacity for the specially designed multi-cell tube was even higher than that of 
conventional multi-cell tubes. 
The applications for the multi cellular elements were not restricted in the square tubes. Inspired by the 
phenomenon that circular tube was more efficient in the energy absorption than square tubes, Tang et 
al. (Tang et al., 2013) proposed a type of cylindrical multi-cell (Fig. 2-11(d)) to enhance the energy 
absorption capacity. The results obtained from finite element modelling (FEM) clearly showed that 
the SEA obtained by cylindrical multi-cell tube was larger than that achieved by square multi-cell 
tube. Hong et al. (Hong et al., 2014) designed and manufactured a type of multi-cell tubes with 
triangular (Fig. 2-11(e)) section shapes and Kagome lattice patterns, which showed higher weight-
efficiency in the energy absorption than the single-celled triangular tubes. Based on triangular multi-
cell tubes, Sun et al. (Sun et al., 2016) developed a type of hierarchical tubular structure and the mean 
crushing force was found to be evidently increased. 
 
Fig. 2-12. (a) 3×3 section with equally sized cells and (b) 3×3 section with unequally sized cells. (Nia and 
Parsapour, 2013) 
With the adoption of the simplified folding element theory (Chen and Wierzbicki, 2001), Zhang et al. 
(Zhang et al., 2006) derived a theoretical solution to quantify the crushing resistance of axially 
crushed multi-cell square tubes. As shown in Fig. 2-12(a), in their studies, the quadruple-cell cross 
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section was divided into three basic components: the corner part, the T-shape part and the crisscross 
part. The theoretical solution for the mean crushing force was derived on these three parts separately, 
and agreed very well with the numerical results. It was found that the crisscross part was the most 
efficient component for energy absorption, and the SEA of single-celled tube could be increased by 
50% with the section profiles of 3×3 equal cells. The formula for the mean crushing force was 
improved later by Nia and Parsapour (Nia and Parsapour, 2013), taking into account the unequal-cell 
square tubes, as shown in Fig. 2-12(b). To investigate the influence of cross-sectional shapes on the 
mechanical properties, Zhang and Zhang (Zhang and Zhang, 2013, Zhang and Zhang, 2014) studied 
the axially crushed multi-cell tubes with different cross sections experimentally, numerically and 
theoretically. The theoretical predictions of the mean crushing load proposed in their work showed 
good agreements with the numerical and experimental results. Zhang and Zhang (Zhang and Zhang, 
2015) also studied the influence of the cell geometrical dimensions of quadruple-celled square tubes 
by numerical simulations and physical experiments. 
Unlike the aforementioned studies, Hou et al. (Hou et al., 2007) looked into the optimization of multi-
cell tubes for the maximization of the specific energy absorption (SEA) and minimization of the initial 
peak force (Pi). In their studies, the single-cell and multiple-cell hexagonal tubes were taken into 
account with different cross sectional shapes. The response surface methodology (RSM) was applied 
to formulate the complicated crashworthiness design problems, and develop the response surface (RS) 
for the optimization objectives of SEA and initial peak force (Pi), respectively. After that, their team 
(Hou et al., 2008) performed multi-objective optimizations on square thin-walled tubes with different 
number of elements to find the optimal designs with high specific energy absorption and small initial 
peak force. A series of finite element modelling was conducted to derive higher-order response 
surfaces for these two design objectives. Both the single-objective and multi-objective optimizations 
were performed on the axially crushed tubes with the sectional profiles of single, double, triple and 
quadruple cells. 
2.3.2 Foam-filled tube 
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Filling hollow tubes with foam filler has been considered as an effective approach to enhance the 
crashworthiness since decades ago (Thornton, 1980). There are mainly two types of in-filler that are 
commonly used in the combination, i.e., polyurethane and metal foams. The filled foam is supposed 
to constrain the inward deformations of the tube walls when the tube is subjected to axial crushing 
load. Thus, additional enhancements would be provided for the resistance of the tube, leading to 
increased energy absorption capacities. 
The effects of filling metal tubes with low density polyurethane foams were firstly studied. Reid et al. 
(Reid et al., 1986) experimentally studied the crushing behaviour of square foam-filled tubes under 
quasi-static and dynamic crushing loads. The results showed that the interaction between the foam 
filler and tube wall could significantly influence the buckling mode of the tube, such as the square 
tubes changed from non-compact mode to compact mode after filling the foams (Fig. 2-13). It was 
also observed that, after filling foams, the wavelength of the folding pattern was evidently decreased. 
A theoretical analysis for the mechanical response was performed in their studies, but the interaction 
between the tube wall and inside foam was not considered. Abramowicz and Wierzbicki 
(Abramowicz and Wierzbicki, 1988) later developed a unified approach for the analysis of axially 
crushed foam-filled tubes, in which the coupling between the folding of tube wall and the 
compression of foams was taken into account. Their theoretical conclusions showed good agreements 
with the experimental results for the square tubes filled with low density polyurethane foams. 
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Fig. 2-13. Collapse patterns for square tubes (a) empty and (b) foam-filled. (Reid et al., 1986) 
Reddy and Wall (Reddy and Wall, 1988) later studied the influence of filling foams on circular tubes, 
and observed similar phenomenon to that of square tubes, e.g., the collapse patterns of thin-walled 
circular tubes (D/t > 600) changed from Euler buckling mode to concertina mode along with 
shortened folding wavelength. In consideration of the interactions between foam filler and tube wall, 
the formula for the mean crushing force of the circular foam-filled tubes was derived as:  
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where, ρf and ρs stood for the density of the filling foam and the solid cell walls of rigid foam; σ
s 
y  was 
the yield stress of the solid cell walls.  
With the development of investigations on the mechanism of foams, light-density metal foams 
attracted the attention due to its excellent energy-absorption behaviour with approximately constant 
stress plateau and long stroke. Santosa and Wierzbicki (Santosa and Wierzbicki, 1998) studied the 
effects of aluminium foam on the crushing behaviours of square tubes under quasi-static crushing load. 
Based on the results obtained from finite element modelling, it was found that the improved strength 
for the foam-filled tube was approximately twice as much of the axial strength of foam filler. 
Depending on the findings, the expression for the mean crushing force was derived as: 
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f
ym DtDP 
23/53/1
0 205.13   (2-17) 
where, σ
f 
y stood for the yield stress of foam filler. 
Hanssen et al. (Hanssen et al., 1999) conducted similar investigations on the square tubes filled with 
aluminium foam with quasi-static compression tests. In their studies, the mechanical response of the 
foam-filled tube was divided into two separate terms, i.e., the direct compression and the wall-foam 
interactions. The theoretical conclusion for the mean crushing force depending on the experimental 
results could be written as follows:  
0
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In addition to the simplified theoretical conclusions, it was also observed that the energy absorption 
capacity of bonded components could only be considerably increased if the material properties of the 
hollow tube meet related requirements. Hanssen et al. (Hanssen et al., 2000b, Hanssen et al., 2000a) 
conducted a series of quasi-static and dynamic crushing tests on both square and circular foam-filled 
tubes. In their studies, the density of the foam filler, the strength and thickness of the tube wall were 
regarded as the main parameters in addition to the loading condition. Theoretical conclusions for the 
mean crushing force, initial peak force and effective crushing displacement were suggested based on 
the experimental results. Their team later performed optimizations on the foam-filled tubes with 
varying parameters to achieve the optimal component with minimum mass for specific cases (Hanssen 
et al., 2001). It was found that optimal designs had smaller cross-sectional dimensions and less weight 
in comparison with the conventional hollow tubes. Santosa et al. (Santosa et al., 2000) further 
experimentally and numerically studied the mechanism of aluminium foam-filled square tubes 
subjected to axial crushing load, and found that the mean crushing force was proportional to the 
compressive resistance of foam and cross-sectional area of the tube. Based on the finite element 
modelling, simple closed-form solution was developed to calculate the mean crushing force of the 
foam-filled sections. The proposed solution was supposed to applicable for a wide range of tube 
geometries, materials and foam strengths.  
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There are some other studies on the aluminium foam-filled tubes (Huang and Lu, 2002, Kavi et al., 
2006, Goel, 2015), in which the advantages of foam-filled tubes were clearly demonstrated. However, 
it should be noted that although the foam-filled tubes had higher SEA, the effective crushing 
displacement for the tube was reduced by the foam filler as well. Furthermore, the wall-foam 
interactions may cause tube rupture in compression process as well. 
2.4 Geometric improvements on circular and square tubes 
Conventional thin-walled tubes are structurally simple with good energy absorption capacity. 
However, their collapse mode is highly sensitive to random defects accompanied by high initial peak 
force and violent fluctuations in the plateau region, which increases the risks of whiplash injuries and 
submarining effect in accidents. To overcome these shortcomings, many methods have been proposed 
to improve the design. The main challenge for the design improvements is how to reduce the initial 
peak force and crushing force fluctuations while maintain or increase the energy absorption capacity. 
2.4.1 Approaches to reduce the initial peak force 
Introducing geometric imperfections to conventional tube is one of the commonly used approaches to 
reduce the initial peak load. Mamalis et al. (Mamalis et al., 1986a) developed a special type of thin-
walled PVC tube with a number of annular grooves with identical width and depth, as shown in Fig. 
2-14(a). The crushing behaviours for the grooved tubes under quasi-static crushing load were 
experimentally and theoretically studied. It was observed that the collapse initially occurred at one of 
the pre-fabricated grooves with thinned wall thickness, and folded along inclined travelling plastic 
hinges into diamond buckling mode. Mamalis et al. (Mamalis et al., 1986b, Mamalis et al., 2003b) 
later experimentally and numerically investigated the influence of the pre-designed grooves on the 
energy absorption capacities of thin-walled steel tubes. Similar phenomenon to the PVC tubes were 
observed in steel tubes and empirical formula for the mean crushing force was proposed.  
Daneshi and Hosseinipour (Daneshi and Hosseinipour, 2002) later improved the design of grooved 
tubes by introducing the annular grooves to both the inside and outside surface, as illustrated in Fig. 2-
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14(b). The results showed that the collapse process was dominantly governed by the pre-fabricated 
grooves with concertina buckling mode. The uniformity of the load–displacement curves in 
compression was improved as well. Mathematical model was proposed later to illustrate the 
mechanism process (Hosseinipour, 2003). Based on the theoretical model, Hosseinipour and Daneshi 
(Hosseinipour and Daneshi, 2003) presented the theoretical expressions for the energy absorption and 
mean crushing force, which were found to agree very well with the experimental results. Similar work 
was also conducted on the square tubes (Lee et al., 1999), in which different types of triggering dents 
were introduced in equal intervals along the longitudinal direction (Fig. 2-14(c)). The influence of the 
number, shape, and location of the artificial triggering dents on the crushing response was 
experimentally and numerically investigated under quasi-static crushing load. 
 
Fig. 2-14. (a) Grooved tubes proposed by Mamalis et al. (Mamalis et al., 1986a), (b) grooved circular tube 
proposed by Daneshi and Hosseinipour (Daneshi and Hosseinipour, 2002), (c) square tubes with full dents and 
half dents (Lee et al., 1999), and (d) square tube with a buckling initiator (Zhang et al., 2009b). 
Instead of reducing the tube wall thickness, Singace and Ei-Sobky (Singace and El-Sobky, 1997) 
employed sinusoidal corrugations on conventional circular tubes to control the collapse mode and 
improve the uniformity of the load-displacement behaviours in crushing. Wu et al. (Wu et al., 2016) 
applied this method in their study via experiments and finite element modelling (FEM) to achieve a 
broadened range of wavelength and amplitudes of the sinusoidal corrugations. It showed that the 
corrugations could assist to control the crushing procedure and bring flattened load-displacement 
curves.  
Chapter 2   36 
It should be noted that, although all the approaches mentioned above could substantially reduce the 
initial peak force and crushing force fluctuations, the energy absorption capacity might be 
significantly reduced because of the weakened resistance in the loading direction.  
To overcome the shortcomings caused by the pre-designed grooves and dents, Zhang et al. (Zhang et 
al., 2009b) proposed a special type of square tube with a buckling initiator installed near the impact 
end, which is composed of a pre-hit column and pulling strips (Fig. 2-14(d)). It was observed that the 
initial peak force was evidently reduced depending on the pre-hit height, while the mean crushing 
force and buckling mode were not affected by the buckling initiator. Meanwhile, similar studies were 
also conducted on the circular tubes through experimental and theoretical analyses (Zhang et al., 
2009a). However, in this occasion, along with the reduction of initial peak force the buckling mode 
switched from concertina or mixed mode to diamond buckling mode, resulting in reduced energy 
absorption capacities as compared to the initial tube. 
2.4.2 Approaches to increase the energy absorption 
In order to increase the energy absorption of tubes, many methods have been proposed. Adachi et al. 
(Adachi et al., 2008) employed annular stiffening ribs in circular tubes at regular intervals along the 
longitudinal direction, and experimentally investigated the influence of the stiffeners on the 
mechanical response under dynamic crushing load (Fig. 2-15(a)). It was found that the distance 
between the ribs could substantially influence the collapse mode; critical distances forcing the tube to 
buckle in concertina and diamond mode were observed in their studies. The experimental and 
theoretical analyses suggested that the stiffening ribs could be used to improve or adjust the energy 
absorption capacity. Other than modifying the structural design, Lee et al. (Lee et al., 2008) 
introduced a controller (Fig. 2-15(b)) to restrain the collapse deformations of square tubes to control 
and increase the energy absorption capacity. The energy absorption and mean crushing force of square 
tubes obtained from quasi-static crushing tests were observed to be increased by 15–20% with the 
controller. Although both the two approaches could increase the energy absorption capacity of tubes, 
the mechanism was relatively complicated and the initial peak forces were not lowered. 
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Fig. 2-15. (a) circular tubes with stiffen ribs (Adachi et al., 2008), (b) the controller of energy absorption (Lee et 
al., 2008), (c) sectional views of AFGT square tube (Sun et al., 2017), sectional views of LFGT square tube 
(Sun et al., 2017). 
To increase energy absorption capacity and reduce initial peak force simultaneously, a few avenues 
have been proposed by previous researchers. One method is to change the wall thickness in the 
longitudinal direction and circumferential direction, resulting in axial functionally graded thickness 
(AFGT, as shown in Fig. 2-15(c)) and lateral functionally graded thickness (LFGT, as shown in Fig. 
2-15(d)) square tubular structures, respectively. The crashworthiness for both two types of tube was 
investigated theoretically, numerically and experimentally under uniaxial quasi-static crushing load. 
As compared to the square tubes with uniform thickness (UT), the experimentally validated numerical 
results showed that AFGT square tube could effectively reduce the initial peak force while LFGT 
square tube evidently increased the specific energy absorption. Sun et al. later (Sun et al., 2014) used 
Non-dominated Sorting Genetic Algorithm (NSGA-II) to find the proper gradient of AFGT tubes to 
maximize the energy absorption characteristics, in which response surface method (RSM) was applied 
to formulate the specific energy absorption (SEA) and crushing force ratio of initial peak force to 
mean crushing force. 
Another method was proposed by Zhang et al. (Zhang et al., 2007), in which basic pyramid element 
was pre-fabricated on the tube surface of thin-walled square tubes in two different ways. Type A 
patterns (Fig. 2-16(a)) were formed by arranging the basic elements circumferentially to form an 
enclosed square and then repeating it longitudinally with the peaks of the pyramids reversing from 
inwards to outwards. Type B patterns (Fig. 2-16(b)) were manufactured in the opposite order to the 
Chapter 2   38 
creation of type A with the pyramids firstly arranged in the longitudinal direction and then surrounded 
circumferentially with reversed peaks. Numerical results showed that the square tubes switched from 
inextensional collapse mode to extensional mode with relatively increased energy absorption in 
comparison with the conventional thin-walled square tubes after the introduction of Type A patterns. 
Meanwhile, a new collapse mode named octagonal collapse mode (Fig. 2-16(c)) was observed for the 
tubes with type B patterns along with 54–93% incensement of energy absorption. However, the 
following studies showed that the modified tubes in experiments were very sensitive to imperfections 
and the predicted octagonal mode could not be always obtained (Ma et al., 2010). 
 
Fig. 2-16. Illustration of the square tubes with (a) type A patterns and (b) type B patterns, and (c) basic element 
of octagonal collapse mode. (Zhang et al., 2007) 
2.5 Origami applications 
For structural engineers, origami provides a rich source of inspiration and a wide range of structural 
applications. Up to date, most applications of origami have concentrated on its mechanical properties 
with the concept of ‘rigid’ origami, which assumes that the material does not bend or stretch between 
the fold lines, and can be modelled effectively as rigid panels connected by frictionless hinges (Wu 
and You, 2010).  
2.5.1 Basic folding patterns and related applications 
There are mainly three basic origami patterns that aroused particular attentions for architectural and 
structural applications: Yoshimura pattern (Diamond pattern), Diagonal pattern and Miura-ori 
pattern (Fig. 2-17). The construction of these three basic folding patterns is based on a combination 
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of reverse fold, i.e., curved surfaces could be simplified with the reverse folds by bending straight 
valley and mountain folding lines. The reverse fold is one of the fundamental origami folding rules 
(Engel, 1989), i.e., a single parallel fold can be bent by diagonal folding lines across the parallel 
fold along with the initial mountain folding line bending and reversing from mountain to valley 
folding lines (Fig. 2-18). 
 
Fig. 2-17. Basic origami folding patterns for (a) Yoshimura (Diamond) pattern, (b) Diagonal pattern and (c) 
Miura-ori pattern. (Buri and Weinand, 2008) 
 
Fig. 2-18. Reverse fold of (a) folding process (Engel, 1989) and (b) geometric view. 
Yoshimura pattern, also called as Diamond pattern, was named after a Japanese scientist who 
observed this type of pattern in the buckling process of axially crushed thin-walled circular tubes 
(Yoshimura, 1955). A Yoshimura-patterned sheet is composed with diamond shapes folding in one 
of its diagonals. By changing the two vertexes of the diamond shape to parallel lines to the diagonal 
valley folding lines, a variation of this pattern could be obtained with the triangular patterns 
switching to symmetrical trapezoids. Diagonal pattern was also composed with folded diamond 
patterns, which was extremely similar to the Yoshimura pattern. However, instead of connecting 
the basic folding element in the circumferential direction, a diagonal-patterned sheet was 
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constructed with the origami patterns connecting in the helical direction. A series of so folded 
parallelograms could form a helical distorted surface, which could be observed in the buckling of 
thin-walled cylinder under distortion loads (Hunt and Ario, 2005). Circular tubes could be 
approximated by both two arrangements of the diamond patterns. However, the cylinder formed 
with Yoshimura patterns was not foldable due to geometric constraints while the one manufactured 
with Diagonal patterns could.  
Miura-ori pattern was initially proposed by Miura (Miura, 1985) as an approach of packaging and 
deployment of large membrane, aiming to satisfy various requirements of operations in space. This 
kind of pattern was constructed with four parallelogram panels connecting with three mountain and 
one valley folding lines. The Miura-ori patterned sheet was observed to have negative Poisson’s 
ratio for in-plane deformations (Fig. 2-19), which aroused much attention in both structural and 
material design fields (Gattas and You, 2015, Tolman et al., 2014). Schenk and Guest (Schenk and 
Guest, 2011, Schenk and Guest, 2013) intensively studied the kinematical behaviours of the folding 
process of Miura-ori pattern, and derived corresponding mathematical functions to illustrate 
relationships between different geometric dimensions. Based on the studies of the in-plane 
deformation, the expression of the Poisson’s ratio for the Miura-ori sheet was derived as: 

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where, strains εL and εS were instantaneous true strains. The equation shown above demonstrated 
that the Poisson’s ratio was only determined by the angle ζ in the x-y plane. In their studies, a 
cellular metamaterial was described based on a stacking of individual folded Miura-ori layers, 
where the folding kinematics was compatible between layers. Additional freedom in the design of 
the metamaterial could be achieved by varying the fold pattern within each layer. Silverberg et al. 
(Silverberg et al., 2015) extracted one structural unit from the Miura-ori sheet, and switched the 
form of parts of the folding lines from mountain to valley (or from valley to mountain). The 
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changed fold pattern could be regard as a conventional square twist, which was intensively studied 
for its bistability arising from hidden degrees of freedom. 
 
Fig. 2-19. Miura-ori patterned sheet for (a) the folding process and representative structural unit, (b) the in-
plane expansion coefficient. (Schenk and Guest, 2013) 
As mentioned in Section 1.1, in modern origami formulation, the objective model could be 
constructed with glue or cut operations. To efficiently illustrate the geometric advantages of the 
origami model of flip-flop (Cramer, 2000), Tachi and Miura (Tachi and Miura, 2012) simplified the 
manufacture process by assembling two identical basic origami tubes symmetrically composed with 
two Miura-ori patterns. A novel cellular structure was proposed in their studies, bi-directionally 
flat-foldable in two orthogonal (x and z) directions and is relatively stiff in the third orthogonal (y) 
direction. (Fig. 2-20). Cheung et al. (Cheung et al., 2014) further studied the mechanism of the 
novel cellular material composed with origami structural units. Their team theoretically analyzed 
the orthotropic elastic behaviour of the structure with corresponding mechanical models. Similar to 
the approach applied in the work of Tachi and Miura (Tachi and Miura, 2012), Filipov et al. 
(Filipov et al., 2015) developed another type of cellular structure composed with Miura-ori 
patterned structural units. In their studies, the foldable origami tubes were coupled in a “zipper” 
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form, which substantially increased the system stiffness and only permitted one flexible 
deformation mode through which the structure could be deployed. 
 
Fig. 2-20. Bi-directionally flat-foldable cellular structure (Tachi and Miura, 2012). 
2.5.2 Origami tubes with foldable origami patterns 
Based on the basic origami patterns mentioned in Section 2.5.1, series of foldable tubes were 
proposed. These foldable tubes were supposed to have wide potential applications in the deployable 
structures, which could be used in the space or industrial products requesting simple and effective 
packaging mechanisms. 
Guest and Pellegrino (Guest and Pellegrino, 1994a) presented an origami foldable cylinder, which 
was composed with identical Diagonal patterns connected in the helical direction. The triangulated 
shells of the Diagonal patterns could be folded around the inclined hinges, leading the whole tube to 
be crushed down to a compact stack of plates (Fig. 2-21). Therefore, the Diagonal-patterned cylinders 
with proper designed settings could be suitable for folding, i.e., both the extended and folded 
configurations could be strain-free. Guest and Pellegrino (Guest and Pellegrino, 1994b) later 
simulated the folding process based on a pin-jointed truss model, which showed that the folding 
process was inconsistent with two stages. The first stage involved the gradual build-up of strain 
energy in a "shape transition region", which was slightly different to the assumption in the 
aforementioned studies. In the second stage the transition region moved toward the bottom of the 
cylinder with negligible resistant force. The numerical results were later validated with uniaxial 
crushing tests on aluminium alloy cylinders (Guest and Pellegrino, 1996). The results showed that the 
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crushing force in the plateau region was similar to the one during the first stage of transition region 
generation, which was probably caused by the effect of high hinge stiffness.  
One interesting finding was that the configuration of Diagonal-patterned shells could be observed in 
the post-buckling of circular tubes under torsion load (Yamaki, 1976). It was also found that bending 
and stretching energy absorbed during the buckling procedure were roughly the same. Hunt and Ario 
(Hunt and Ario, 2005) theoretically analyzed the buckling process of the torsional circular tubes from 
the first-order post-buckling to the final folded pattern, and derived corresponding formulae for the 
energy absorption. Wu et al. (Wu et al., 2007) proposed another type of Diagonal-patterned circular 
tube with the geometric modification of reversing the inclined folding hinges between neighbouring 
layers, and optimized its geometric parameters to minimize the compressive load in folding process. 
 
Fig. 2-21. Folding process of triangulated cylinder (Guest and Pellegrino, 1994a). 
Nojima (Nojima, 2002) introduced Miura-ori patterns to circular tubes, and theoretically investigated 
the fundamental rules for the construction and mechanism in folding process. Corresponding 
specimens were manufactured with polymer sheets and performed to uniaxial crushing tests, which 
showed the origami tube could be perfectly folded. In the studies done by Schenk et al. (Schenk et al., 
2013, Schenk et al., 2014), the foldable origami tubes were suggested to be applied as deployable 
space structures (Fig. 2-22). In their studies, a series of experiments were conducted to investigate the 
efficiency of the strain-rigidisation of the aluminium-laminate material used for the origami cylinders, 
as well as the deployment characteristics of different cylindrical fold patterns. Cai et al. (Cai et al., 
2015) theoretically and numerically studied the mechanical response of Miura-ori patterned circular 
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tubes under axial crushing, and proposed geometric formulations for the design problems. It was 
observed that the deployment of the cylinder with multi-stories was non-uniform, meaning the 
origami tube would be progressively folded from the upper story to the lower story. 
 
Fig. 2-22. An origami tube with Miura-ori patterns in a partly folded configuration (Schenk et al., 2013). 
Kuribayashi et al. (Kuribayashi et al., 2006, Kuribayashi and You, 2006) developed a new type of 
inflatable stent graft with origami patterns, as illustrated in Fig. 2-23. Unlike conventional stent (a 
wire mesh tube covered with membrane), the new origami stent was composed with individual 
foldable elements with mountain and valley folding lines. The newly designed origami patterns 
allowed the stent to be stowed or deployed in both longitudinal and radial directions, resulting in 
‘negative Poisson's ratio’ behaviours. The Ni-rich titanium/nickel (TiNi) shape memory alloy (SMA) 
foil was deployed to manufacture the origami tubes with grooves created by etching technology to 
simulate the folding hinges. The experimental studies clearly showed that the newly designed origami 
tube could be self-deployed according to particular temperatures, and the relationships between the 
height, diameter and the temperature were roughly assessed.  
 
Fig. 2-23. A paper model of the origami stent graft in its (a) fully folded, (b) deployed configurations. 
(Kuribayashi et al., 2006) 
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2.5.3 Origami tubes designed for energy absorption 
As mentioned in section 2.4, although many approaches have been proposed for the improvement of 
the crashworthiness of conventional tubes, most methods showed their inevitable limitations as well. 
Origami patterns, usually applied in the kinetic engineering field, might show its advantages on the 
energy absorption since the introduced origami patterns could guide the collapse process of axially 
crushed tubes. As the buckling mode has significant influence on the energy absorption, it seems 
possible to design origami tubes with higher energy capacity and lower initial peak force 
simultaneously. 
Ma and You (Ma and You, 2014) developed a special thin-walled square tube with pre-folded 
diamond (Yoshimura) origami patterns at the corner (Fig. 2-24), which acted as a mode director to 
guide the collapse and lower the initial peak force. Meanwhile, it increased the plastic travelling lines 
to enhance the energy absorption during crush. A series of numerical simulations were conducted on 
the origami tubes with various geometric dimensions to investigate the energy absorption properties 
under quasi-static crushing load. It was observed that the initial peak force of the origami tube could 
be reduced by 30% along with the mean crushing force increased over 50% in comparison with those 
of conventional square tubes with identical mass. Zhou et al. (Zhou et al., 2016) later performed 
dynamic crushing tests on the origami-patterned tubes and conventional square tubes with identical 
mass. Experimental results validated that the diamond origami-patterned tube could have better 
crashworthiness than the conventional tube. Their group (Zhou et al., 2017) also experimentally and 
numerically investigated the energy absorption capacity of this particularly designed origami tube, 
aiming to figure out the energy absorption percentage of each region. In their studies, the origami-
patterned tube was manufactured by applying origami mechanism technique, in which, steel plates 
were stamped by a specially designed mould to create half origami tubes. The half origami tubes were 
then welded and post-processed by heat treatment to reduce the residual stress. Ma and You (Ma and 
You, 2013) also applied the diamond origami patterns to curved thin-walled beam of square cross 
section to form an origami beam. In the finite element modelling of quasi-static crushing, the new 
origami beam showed two new collapse modes, e.g., longitudinal folding mode and the mixed mode. 
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Both two buckling modes provided large magnitude of plastic deformation along the entire beam in 
crush, leading to higher energy absorption and lower peak force than those of conventional ones. 
 
Fig. 2-24. (a) A module of the origami pattern, (b) a module of the origami crash box, (c) a quarter of the 
origami pattern partially folded, and (d) a conventional square tube. (Ma and You, 2014) 
Song et al. (Song et al., 2012) developed a novel square tube with origami patterns (Fig. 2-25) similar 
to the inextensional bucking mode observed in compression tests (Wierzbicki and Abramowicz, 1983, 
Abramowicz and Wierzbicki, 1979). Finite element modelling showed that the origami-patterned 
tubes obtained relatively lower initial peak force and more uniform crushing load as compared to the 
conventional tube. However, due to the weakness of the resistance in the loading direction, the energy 
absorption capacity was reduced as well. Similar results could also be found in the work done by Ma 
et al. (Ma et al., 2016), in which Miura-ori patterns were introduced to thin-walled square tubes. The 
results obtained from both two studies suggested that the foldable origami patterns probably were not 
proper configurations to be directly applied in energy absorption structures. 
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Fig. 2-25. Completed patterned square tube after welding (side and top views). (Song et al., 2012) 
2.6 Methodology 
2.6.1 Multi-objective optimization design 
Multi-objective optimization is an effective approach to find the optimal solutions that could 
substantially compromise between the design objectives that may conflict with each other. A common 
objective function could be formed in terms of linear weights to provide different emphasis (Athan 
and Papalambros, 1996), which could be written as: 
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where, y=(y1, y2, …, yp) represents the design objectives, ωi stands for the linear weight factors with 
the values varying from zero to one, x
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The linear weighted optimization problem could be repeatedly solved with varying values of weight 
to emphasize the importance of different design objectives. By changing weight values, a series of 
optimal solutions would be obtained, providing the designers a range of candidate choices for further 
decision-making with the consideration of specific requirements. These optimal points are usually 
located on the edge of the attainable region, which is also known as Pareto frontier. 
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2.6.2 Response surface methodology (RSM) 
Response surface methodology (RSM) (Khuri and Mukhopadhyay, 2010) is an effective approach to 
approximately formulate the objective and constraint functions for optimization operations depending 
on the numerical or experimental results with various design points. This method has been widely 
applied in the approximation of the design sensitivities that were difficult or impossible to qualify 
through conventional theoretical analysis. There are mainly two types of RSM models, one is the first-
degree model with the specific objective expressed as: 
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and the other one is the second-degree model with the function formulated as: 
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where x=(x1, x2, …, xk) denotes the design variables, α is a vector of N unknown constant coefficients, 
ε is a random error between the prediction and experimental results with the ideal mean of zero.  
To achieve the values of the coefficient parameters α = (α1, α2, ... , αN)
T
, a series of experiments 
should be carried out with enough sampling points M (M>N), which could be represented by a design 
matrix with the order of M×k, 
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where, xmi stands for the value of xi (i=1,2, …, k) in the mth (m=1, 2, …, M) design settings. Each row 
of the matrix D represents one sampling point in a k-dimensional Euclidean space. Corresponding to 
the coefficient parameters α, there are identical numbers of basis functions, which could be denoted as 
a response matrix X with the order of M×N: 
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where, fn(xm) represents the basis function corresponding to coefficient αi with i=n in the mth design 
settings. Thus, the RSM model could be rewritten in matrix form as: 
       (2-25) 
Assuming that the error ε has a zero mean, the ordinary least-squares estimator of α would be 
evaluated as: 
 ̃  (   )      (2-26) 
In general, among the experimental region R, the values of predicted response   ̃( )  could be 
evaluated with the determined design variables x with the expression established as: 
 ̃( )   ( ) ̃ (2-27) 
 
2.6.3 Error evaluation of the surrogate model  
The errors between the RS models and experimental results are most likely caused by the selected 
basis functions, sampling points and the method of least squares. To measure the precise of the 
predictions obtained by RSM, the relative error (RE) could be employed,  
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where,  ̃( )  represents approximation obtained through response surface methodology and y(x) 
denotes the observed experimental results. 
The fitness of the RS models could also be checked through statistical analysis techniques (Fang et al., 
2005, Lindman, 1992) along with the investigations of the influence of different design variables on 
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the response objectives. The major statistical parameters used for evaluating the model fitness include 
the F-statistics, coefficient of determination (R
2
), adjusted coefficient of determination (R
2 
adj) and root 
of mean-squared error (RMSE) (Wang and Shan, 2007, Lindman, 1992), which could be separately 
expressed as: 
)1/(SRS
/)SRSSMS(



kM
k
F  (2-29) 
SMS
SRS
12 R  (2-30) 
1
1
)1(1 22



kM
M
RRadj  (2-31) 
1
SRS
RMSE


kM
 (2-32) 
where, k is the number of design variables x, M represents the number of design sampling points, SRS 
and SMS are the sum of response squared errors and the sum of mean squared errors, respectively, 
calculated as 
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where,  ̅  is the mean value for the sampling points yi (i=1, 2, …, M). 
It should be pointed out; the aforementioned measurements are not completely independent with each 
other, as their functions partly include identical setting parameters. In General, the larger the values of 
R
2
 and R
2 
adj, and the smaller the value of RMSE, the better the fitness (Fang et al., 2005, Montgomery, 
1991). 
2.6.4 Reasons for the application of aforementioned methods in this study 
It is known that the energy absorption capacities of tubular structures could be qualified with key 
characteristics, e.g., specific energy absorption (SEA), initial peak force (Pi) and crushing force 
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fluctuations (ΔP). However, all the three design parameters are hard to be accurately predicted 
through theoretical analysis. As the optimization of the crashworthiness design of vehicle structure 
components (Yang et al., 2005, Jansson et al., 2003), or the maximization of the crushing performance 
of a tubular structures (Avalle et al., 2002, Chiandussi and Avalle, 2002, Lee et al., 2002) mainly 
depend on the functions of different design objectives. The response surface methodology is thought 
to be an efficient approach to approximate the specific functions for different optimization objectives 
based on various experimental or numerical results.  
It should be noted that no functional relationships were established for the aforementioned design 
objectives (SEA, Pi and ΔP). Therefore, multi-objective optimization could be employed to search for 
the optimal solutions that could simultaneously satisfy different requirements specified on the key 
characteristics (Fang et al., 2005, Zarei and Kröger, 2006, Hou et al., 2008). Furthermore, the optimal 
solutions shown as Pareto frontier illustrated direct and intuitive interconnections between different 
design objectives, offering wide selections of candidate solutions. 
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Chapter 3  
 
Energy Absorption of Origami Tubes with Yoshimura (Diamond) Patterns: 
Numerical Simulation and Experimental Verification 
As mentioned in Chapter 2, Ma and You (Ma and You, 2014) pre-folded diamond origami patterns in 
the corners of the square tube to assist to guide the collapse process under uniaxial crushing load, and 
increase the travelling plastic hinge lines to enhance the energy absorption capacity. It was found that 
introducing origami patterns to conventional tubes could achieve predesigned buckling modes. 
Therefore, it was highly possible to design tubes with higher energy capacity and lower initial peak 
force simultaneously. 
In this chapter, we introduced Yoshimura (diamond) patterns to circular tubes and investigated their 
influence on the mechanical properties and energy absorption capacities. Octagonal origami tubes 
were folded in diamond and full-diamond patterns to approximate circular tubes. The energy 
absorption capacities of three types of tubes (diamond, full-diamond and circular tubes) were studied 
in compression by experimentally validated finite element modelling (FEM). The influence of wall 
thickness on the buckling mode and energy absorption capacity was investigated as well. 
3.1 Computational implementation and experimental validation  
3.1.1 Origami patterns 
The origami patterns used in this Chapter was Yoshimura pattern, which was also called as Diamond 
pattern. This pattern was named after a folding type of Japanese origami art, which could also be 
found in uniaxial compression of circular tubes (Miura, 1985). To simply distinguish the two types of 
origami tubes applied in this study, one was named as Full-diamond tube (Fig. 3-1(c)), while the other 
one was described as Diamond-tube (Fig. 3-1(f)).  
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Fig. 3-1. Illustration to build origami tubes, (a) origami planar with full-diamond patterns, (b) a full-diamond 
module, (c) a full-diamond tube fabricated by 3D printing, (d) origami planar with diamond patterns, (e) a 
diamond module, and (f) a diamond tube fabricated by 3D printing. 
The full-diamond tube was periodically arrayed with diamond lobes. The solid and dashed lines in Fig. 
3-1(a) represented the mountain and valley folding lines in the folded full-diamond module (Fig. 3-
1(b)), respectively. The pre-folded full-diamond module could be constructed by folding the flat sheet 
with full-diamond patterns along these folding creases. Folded lobes along the circumference had an 
angle of θ to the horizontal plane, as shown in the Fig. 3-1(b) along with an enlarged vertical view of 
the highlighted region. The relationship between different geometric parameters could be described as: 
 cost
b
l
an   (3-1) 
fN


2
4   (3-2) 
where α was the projection of the angle between the connection of two apexes at different levels and 
the horizontal side on the horizontal surface, φ was the interior angle of the polygon section, l and b 
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were the length and the distance between the vertexes of two neighbouring diamond lobes, 
respectively. Nf was the number of the folded lobes of a full-diamond origami tube on the 
circumferential direction. Therefore, the dihedral angle θ (half the angle between two neighbouring 
lobes along the construction direction) could be derived as:  
fNl
b
2
tancos

   (3-3) 
For a regular octagonal tube, Nf equals to eight. When b and l were determined, θ was fixed, which 
meant that the origami tube was unfoldable. Owing to this characteristic, the diamond patterns would 
be squeezed to their connecting points when the full-diamond tube was crushed axially. In this way, 
vertexes would be twisted by neighbouring origami lobes and mixed-mode was expected. The mean 
crushing force of this type of tube was supposed to be much higher than those with foldable patterns 
(Song et al., 2012). 
The diamond tube (Fig. 3-1(f)) included an extension figure from the diamond pattern by changing 
the triangular shells to trapezoid ones. An additional parameter c (Fig. 3-1(d)) was introduced as a 
comparison to full-diamond pattern, which was the width of the diamond lobe. Parameter c is 
determined by the dihedral angle θ. Similarly, the relationship among dihedral angle θ, c and l could 
be described as: 
fNl
c
2
tancos

   (3-4) 
Eq. (3-4) took a very similar form to Eq. (3-3). When c equalled b, the diamond tube became full-
diamond one. With the decrease of c, i.e., increase of θ, the force-displacement curve would be 
slightly higher (Ma and You, 2014). Under axial loadings, travelling plastic hinge lines would be 
generated by the folding creases of diamond lobes. With the extension of plastic hinges, the collapse 
process was supposed to be guided by the diamond lobes, and diamond mode was expected to be 
achieved. It should be noted that, for a given tube diameter, the dihedral angle θ was determined 
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(7 .52 ) to form full-diamond octagonal tube, while it was variable for diamond tube as the lobe size c 
could be adjusted. 
In this thesis, circular tubes were also investigated for comparison. All the tubes were designed to 
have the same surface area for the convenience of comparison. Therefore, the height of each type of 
tube slightly varied due to the difference in dihedral angle. To guarantee the reliability of comparison, 
the difference of height among various tubes was restricted to approximately 2%. 
3.1.2 Geometrical models and 3D printed samples  
The geometrical models of three different types of tubes were constructed by using AutoCAD. 
Identical flat sheets were folded and arrayed to form circular and origami tubes with l=25 mm, b=25 
mm, c=12.5 mm, θ=7 .52 (full-diamond tube) and  4.2  (diamond tube). Both the two types of 
origami tubes were composed of four layers of folded modules. The thickness of tube wall, t, varied 
from 0.83 mm to 3.33 mm, aiming to investigate its influence on the mechanical performance. 
Three types of brass tubes, including diamond, full-diamond and circular tubes, were fabricated by 3D 
printing with nominal wall thickness t=0.83 mm (Figs. 3-1(c) and (f)). The physical parameters of 
each tube were carefully measured and listed in Table 3-1. The dimensions of 3D printed samples 
were slightly different from the CAD models. 
Table 3-1. Measured dimensions and physical properties of 3D printed brass tubes. 
Specimen Height  
(mm) 
t
1
 
(mm) 
D
2
 
(mm) 
Mass  
(g) 
Volume 
(cm
3
) 
Density 
(g/cm
3
) 
Diamond-E-1 99.05 0.78 65.67 103.20 11.90 8.67 
Diamond-E-2 99.14 0.79 65.69 114.29 13.62 8.39 
Full-diamond-E-1 97.51 0.81 65.74 112.71 13.89 8.11 
Full-diamond-E-2 97.41 0.81 65.69 108.73 13.15 8.27 
Circular-E-1 99.30 0.82 64.79 114.34 13.39 8.54 
Circular-E-2 99.35 0.80 64.56 113.29 14.02 8.08 
1
t: wall thickness. 
2
D: mean diameter. 
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All the tubes were made of raw brass and the mechanical properties were measured by uniaxial tensile 
tests on a MTS machine (Ren et al., 2015). The material properties were characterized as: density 
ρ=8,494 Kg/m3, Young’s modulus E=110 GPa, yield strength σy=165 MPa, ultimate tensile strength 
σu=380.8 MPa, ultimate tensile strain εu=20.0%, and Poisson’s ratio γ=0.375. 
3.1.3 Numerical simulation and experimental verification  
Finite element analysis (FEA) was conducted in Abaqus/Explicit to simulate the quasi-static crushing 
of tubes. In the model, tube samples were sandwiched between two rigid plates with lower plate fixed 
in all directions and the upper plate can only move along the loading direction. A small clearance of 
0.5 mm was left between the upper plate and specimen to avoid initial penetration. During the crush, 
the upper plate moved downward at a certain velocity to crush the tube. To minimize the effects of 
stress wave, the velocity was applied following an exponential curve from zero to the predefined 
value, i.e., 8 m/s, similar to the work of Hanssen et al. (Hanssen et al., 2002). Two energy principles 
were checked prior to the definition of analysis time: the ratio of kinetic energy to internal energy was 
less than 5% so that the dynamic effects can be ignored in the simulation; the ratio of artificial energy 
to internal energy was less than 6% to minimize the hour-glassing effects. The crushing distance was 
set to be 80 mm, i.e., approximately 80% of the tube height. Shell element S4R and S3R with reduced 
integration were used to mesh the origami tubes while circular tubes only used S4R shells. The global 
element size was defined as 1.5 mm. Self-contact was defined to the tube itself, and surface-to-surface 
contacts were introduced between the tube and the rigid plates. Material models used identical data 
obtained in uniaxial tensile tests (Ren et al., 2015). Penalty friction formula was introduced to the 
system with the friction coefficient of 0.25. 
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Fig. 3-2. Test arrangement: (a) installation of specimen and (b) special designed steel plate of 10 mm thick with 
machined grooves. 
To validate the finite element modelling, compressive tests were conducted by Shimadzu ESA-CU200 
on 3D printed brass tubes. In the tests, circular and origami tubes were sandwiched between two steel 
plates of 10 mm thick (Fig. 3-2(a)). Octagonal and circular grooves of 2 mm in width and 2 mm in 
depth were machined to simulate the pinned boundary conditions in the finite element modelling (Fig. 
3-2(b)). During the tests, the upper platen moved downward to crush the specimen at a velocity of 6 
mm/min. A digital camera was used to capture the deformation procedure of specimens. 
 
Fig. 3-3. Comparison of the experimental results between experiments and finite element modelling for a 
diamond origami tube Diamond-E-2: (a) deformation process observed in experiments, (b) deformation process 
from finite element modelling at identical displacement to the experiment, and (c) comparison of load-
displacement curves of the same diamond tube, obtained from experiments, finite element modelling (FEM) and 
FEM with random imperfections. 
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Figures 3-3(a) and (b) compared typical deformation procedure of a diamond origami tube (Diamond-
E-2) observed in experiments and finite element modelling. FEA model used the same thickness as 
the 3D printed sample. Highly similarity on the deformation patterns was witnessed. Both of them 
showed a non-symmetric (diamond) buckling mode. 
Force-displacement curves of Diamond-E-2 obtained from finite element modelling and experiments 
were plotted in Fig. 3-3(c). It could be seen that the trends of experimental and numerical curves were 
very similar to each other. The difference in the mean crushing force was calculated as approximately 
7.15%. Evident torn failure was found at a certain stage in experiments (inserted image in Fig. 3-3(c)), 
which might lead to a lower force level than FEM as no failure criteria was defined in the modelling. 
It should be noted that the difference in force level between numerical simulations and experiments 
might also originate from other sources. One possible source was the imperfections of 3D printed 
specimens. It is known that the deformation pattern of metallic tubes is highly sensitive to the defects 
and imperfections, which are still inevitable to date in additive manufacturing process. As shown in 
Table 1, the dimensions of brass tubes made by 3D printing were very different with those of CAD 
models. Significant variations were found in wall thickness at different locations of the specimens. 
Furthermore, the mechanical properties of 3D printed brass were very different from those produced 
in casting or forging. To investigate the influence of these imperfections on the mechanical properties 
of tubes, random geometric imperfections were introduced to the original FEA model using the 
method proposed by Huang et al. (Huang and Lu, 2002). The results showed that this influence was 
small compared to models without imperfection. Linear buckling analyses were also conducted to 
investigate the possible initial elastic buckling modes for diamond origami tubes. However, the results 
showed that none of the elastic buckling modes were observed in simulation or experiments. 
Therefore, the governing mechanism during the crush was probably due to the plastic buckling. Based 
on the aforementioned analyses, the key factor that caused the difference between simulations and 
experiments was believed to be the highly varied mechanical properties of 3D printed matrix metals, 
as approved by the uniaxial tensile tests conducted by Ren et al. (Ren et al., 2015). 
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Although there were some differences between finite element modelling and experiments in terms of 
the amplitude of load-displacement curves, the finite element modelling without any introduced 
imperfections was proved to be appropriate. Therefore, all the simulations in this Chapter were 
conducted by using the same parameters without introduced imperfections. 
3.2 Results 
3.2.1 Numerical simulation and experimental verification  
Twelve finite element models were built in Abaqus to investigate the influence of different origami 
patterns and wall thickness on the mechanical properties and energy absorption capacities of quasi-
static crushed tubes. The geometry of each tube and the corresponding simulation results were listed 
in Table 3-2. The mean crushing force Pm was calculated by the energy efficiency method (Xu et al., 
2012), 
e
d
m
d
dxxP
P


e
0
)(
 (3-5) 
where de was the effective crushing displacement and P(x) was the instantaneous crushing force. 
Table 3-2. Summary of finite element modelling results 
Specimen Height  
(mm) 
t  
(mm) 
D 
(mm) 
Pi
 
(kN)
 
Pm 
(kN) 
Buckling 
Mode 
Diamond-F-1 99.5 0.83 65.33 18.90 11.41 D
3 
Diamond-F-2 99.5 1.04 65.33 26.00 16.79 D 
Diamond-F-3 99.5 1.67 65.33 48.02 36.79 C
4 
Diamond-F-4 99.5 3.33 65.33 120.91 135.28 C 
Full-diamond-F-1 98 0.83 65.33 18.10 13.82 C+D 
Full-diamond-F-2 98 1.04 65.33 24.25 19.03 C+D 
Full-diamond-F-3 98 1.67 65.33 46.27 43.86 C+D 
Full-diamond-F-4 98 3.33 65.33 148.11 139.94 C+D 
Circular-F-1 100 0.83 63.66 27.10 11.48 C 
Circular-F-2 100 1.04 63.66 32.87 16.90 C 
Circular-F-3 100 1.67 63.66 55.37 37.28 C 
Circular-F-4 100 3.33 63.66 139.73 137.16 C 
1
D: Diamond mode. 
2
C: Concertina mode. 
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Fig. 3-4. Comparison of load-displacement curves of three types of tubes with different wall thickness: (a) 
t=0.83 mm, (b) t=1.04mm, (c) t=1.67mm, and (d) t=3.33mm. 
Table 3-2 showed that the initial peak force, Pi, of both the two types of origami tubes were 
significantly lower than that of the circular one. It was found from Fig. 3-4(a) that there was an 
evident initial peak force of 27.10 kN for Circular-F-1 while the initial peak force of Full-diamond-F-
1 and Diamond-F-1 were 18.10 and 18.90 kN, respectively (33.21% and 30.26% lower than that of 
Circular-F-1, respectively). The mean crushing force of Full-diamond-F-1 was 13.82 kN (20.38% and 
21.12% higher than that of Circular-F-1 and Diamond-F-1, respectively). With the increase of wall 
thickness, the difference of Pi and Pm for all three types of tubes became small. The initial peak force 
of Full-diamond-F-4 and Diamond-F-4 were 148.11 and 120.91 kN, respectively (6.00% higher and 
13.47% lower than that of Circular-F-4, respectively). The mean crushing force of Full-diamond-F-4 
was 139.94 kN, which was 2.03% and 1.37% higher than that of Circular-F-1 and Diamond-F-1, 
respectively. 
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Fig. 3-5. Von-mises stress contour for three typical tubes at different crushing stages obtained from FEM, (a) 
Diamond-F-1 (t=0.83 mm), (b) Full-diamond-F-1 (t=0.83 mm), and (c) Circular-F-1 (t=0.83 mm). 
Figure 3-5 compared the difference in deformation sequence of the three types of tubes with wall 
thickness 0.83 mm. The buckling pattern of Diamond-F-1 did not precisely follow the initial designed 
plastic hinge lines. The relatively small dihedral angle θ might not be able to trigger the folding of the 
designed plastic hinge lines. Instead, diamond patterns occurred by folding two neighbouring 
trapezoid lobes together (Fig. 3-5(a)). For specimen Full-diamond-F-1, concertina mode occurred 
firstly at the bottom layers with diamond lobes crushing to curved surfaces (Fig. 3-5(b)). After that, 
owing to the restrictions of geometric design, mixed-mode showed up with twisted vertexes. For 
circular tubes of 0.83 mm thick, specimen Circular-F-1 buckled gradually, starting from the top in a 
concertina mode (Fig. 3-5(c)), which caused the fluctuations on load-displacement curves after the 
initial peak force as shown in Fig. 3-4(a). Circular tubes of 0.83 mm thick achieved six 
circumferential folding layers after the crush, which was more than that obtained by diamond and full-
diamond tubes. It should be noted that full-diamond origami tubes had much more uniformly 
distributed stress than the other two types of tubes in the earlier stage of deformation before 
progressive buckling occurred (Fig. 3-5(b)). The stress was localized in a small random region for 
diamond and circular tubes. 
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Fig. 3-6. The final deformed shape of origami and circular tubes with different wall thickness obtained from 
FEM: (a) Diamond-F-2 (t=1.04 mm), (b) Diamond-F-3 (t=1.67 mm), (c) Diamond-F-4 (t=3.33 mm), (d) Full-
diamond-F-2 (t=1.04 mm), (e) Full-diamond-F-3 (t=1.67 mm), (f) Full-diamond-F-4 (t=3.33 mm), (g) Circular-
F-2 (t=1.04 mm), (h) Circular-F-3 (t=1.67 mm), (i) Circular-F-4 (t=3.33 mm). 
Figure 3-6 showed the influence of wall thickness on the deformation patterns of different types of 
tubes. It can be seen that, with the increase of wall thickness, the deformation pattern of diamond 
tubes (Figs. 3-6(a), (b) and (c)) became similar to the circular ones (Figs. 3-6(g), (h) and (i)), which 
meant the influence of the introduced origami patterns became less important. The diamond mode 
appeared in diamond origami tubes changed to concertina mode when the thickness increased to 
1.67mm, at which point, the initial peak force of circular tube disappeared as shown in Fig. 4(c). With 
the increase of wall thickness to 3.33 mm, the load-displacement curves became relatively smooth 
with very few fluctuations for all tubes (Fig. 3-4(d)), indicating that the origami patterns would have 
little influence on the buckling modes. Figures 3-6(c), (f) and (i) also confirmed this trend as all the 
three tubes with thickness of 3.33 mm had identical number of folds and similar buckling modes. 
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Table 3-3. Specific energy absorption (SEA) of different brass tubes when crushing at 20, 40 and 60 mm 
Specimen 
Wall 
thickness 
(mm) 
20 mm 
(kJ/kg) 
40 mm 
(kJ/kg) 
60 mm 
(kJ/kg) 
Diamond-F-1 0.83 1.77 2.94 4.70 
Diamond-F-2 1.04 2.00 3.45 5.66 
Diamond-F-3 1.67 2.63 5.28 7.88 
Diamond-F-4 3.33 4.14 8.78 14.08 
Full-diamond-F-1 0.83 2.09 3.99 5.96 
Full-diamond-F-2 1.04 2.11 4.32 6.48 
Full-diamond-F-3 1.67 2.86 6.01 9.17 
Full-diamond-F-4 3.33 4.72 10.15 14.90 
Circular-F-1 0.83 1.69 3.28 4.89 
Circular-F-2 1.04 1.86 3.85 5.72 
Circular-F-3 1.67 2.65 5.39 7.90 
Circular-F-4 3.33 4.35 9.05 14.27 
 
The specific energy absorption (SEA, energy absorption per unit mass) of all the tubes was 
summarized in Table 3-3. The values of SEA could be calculated by the formula (Li et al., 2006) as: 
m
dxxP
SEA
d


e
0
)(
 (3-5) 
where, m was the mass of specimen. 
 
Fig. 3-7. Specific energy absorption (SEA) versus the crushing distance for different types of brass tubes with 
different wall thickness. 
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Figure 3-7 plotted the relationship between SEA and crushing displacement. For all the studied tubes 
with different wall thicknesses, full-diamond tubes absorbed higher energy than the other two types of 
tubes. The largest difference in SEA for the three types of tubes occurred when the wall thickness was 
0.83 mm, where Full-diamond-F-1 was 21.9% higher than Circular-F-1. With the increase of wall 
thickness, SEA increased accordingly and the influence of origami patterns became weak. With the 
increase of crushing distance, the difference gradually enlarged. 
3.2.2 Experimental results 
Quasi-static compressive tests on three types of different brass tubes were conducted on a Shimadzu 
machine. A constant velocity of 6 mm/min was applied in the tests. Key experimental results were 
summarized in Table 3-4. As shown in Fig. 3-8, the initial peak forces Pi for circular tubes (e.g., 21.16 
kN for Circular-E-2) were significantly higher than that for origami tubes (16.28 kN for Diamond-E-2 
and 12.32 kN for Full-diamond-E-1). As for the crushing force in plateau region, the trends for all the 
tested tubes were similar, and, in the meantime, the difference in the force amplitude was small. 
However, the mean crushing force for the same type of tube varied remarkably, most likely due to the 
defects and imperfections in additive manufacture procedure, which could not be effectively 
eliminated to date. For example, the initial peak force of Diamond-E-2 (Pi =16.28 kN) was 31.40% 
higher than Diamond-E-1 (Pi =12.39 kN). Generally, origami tubes have higher mean crushing force 
Pm than circular tubes. Diamond-E-2 showed the highest mean crushing force Pm (7.92 kN), 18.7% 
and 19.8% higher than Full-diamond-E-1 (6.67 kN) and Circular-E-2 (6.61 kN), respectively. 
Nevertheless, the other diamond origami tube (Diamond-E-1) showed the lowest mean force Pm (5.48 
kN). The average value of Pm (6.7 kN) for diamond origami tube was still the highest. It should be 
noted that, due to the great variation in geometry, physical and mechanical properties of the limited 
3D printed specimens, the experimental results presented in this Chapter are mainly for reference 
purpose.  
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Table 3-4. Summary of experimental results for brass tubes fabricated by 3D printing 
Specimen Height  
(mm) 
t  
(mm) 
Pi  
(kN) 
Pm  
(kN) 
Buckling 
Mode 
Diamond-E-1 99.05 0.78 12.39 5.48 D
1 
Diamond-E-2 99.14 0.75 16.28 7.92 D 
Full-diamond-E-1 97.41 0.81 12.32 6.67 D 
Circular-E-1 99.30 0.82 20.21 6.32 D 
Circular-E-2 99.35 0.80 21.16 6.61 D 
1
D, diamond buckling mode. 
 
Fig. 3-8. Load-displacement curves of different brass tubes obtained from experiments. 
Figure 3-9 showed the buckling procedure of tested brass tubes fabricated by 3D printing. Typical 
progressive buckling was observed in all tested specimens. For diamond tubes (Figs. 3-9(a) and (b)), 
progressive buckling both started from the lower portion of the specimen. However, their buckling 
patterns were slightly different. Two lobes of Diamond-E-2 folded together during the crush to form a 
square final deformed shape, as shown in Fig. 3-10(b). However, three lobes of Diamond-E-1 were 
triggered to be folded together in the initial stage on two sides and two lobes on the rest side to form a 
triangle shaped buckle. With the ongoing of the crushing procedure, the rest portion of the tube had 
two lobes folded together and followed similar square pattern to Diamond-E-2 (Fig. 3-10(a)). For full-
diamond tubes (Fig. 3-9(c), Full-diamond-E-1), uniform deformation was observed in the initial stage 
similar to the finite element modelling. After that, it started to buckle in the middle region of the 
specimen. The final deformed shape showed a pattern more like triangle due to the concurrent folding 
of three neighbouring lobes (Fig. 3-10(c)). For circular tubes (Figs. 3-9(d) and (e)), both the tested 
Chapter 3   66 
specimens showed similar buckling procedure. Plastic buckling occurred randomly at a certain 
location, following a diamond buckling pattern to form a square final deformed shape (Figs. 3-10(d) 
and (e)). 
 
Fig. 3-9. Deformation procedure of different specimens with nominal dimensions (diameter, 63.66 mm; wall 
thickness, 0.83 mm): (a) Diamond-E-1 (t=0.78 mm), (b) Diamond-E-2 (t=0.75 mm), (c) Full-diamond-E-1 
(t=0.81 mm), (d) Circular-E-1 (t=0.82 mm), and (f) Circular-E-2 (t=0.80 mm). 
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Fig. 3-10. Photos of the final crushed specimens: (a) Diamond-E-1, (b) Diamond-E-2, (c) Full-diamond-E-1, (d) 
Circular-E-1, and (f) Circular-E-2. 
The specific energy absorption of brass tubes increased with the increase of crushing distance (Fig. 3-
11). Two repeated tests on circular tubes showed consistent SEA values at different crushing distance. 
The SEA of full-diamond origami tube was higher than circular tubes, which was similar to the finite 
element modelling. However, significant difference in SEA for diamond tubes was observed, with one 
specimen (Diamond-E-2) having the highest energy absorption while the other specimen (Diamond-
E-1) having the least. But the average SEA values of diamond tubes were still comparable to circular 
tubes. 
 
Fig. 3-11. Specific energy absorption (SEA) in relation to the crushing distance for tested brass tubes. 
3.3 Discussion 
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3.3.1 Deformation patterns 
According to the descriptions in Section 2.1.1, there are mainly four main types of buckling modes for 
the axially crushed circular tubes, i.e., concertina, diamond, mixed-mode (including both concertina 
and diamond patterns) and euler (bending of the tube). According to the D/t-H/D diagram proposed 
by Andrews et al. (Andrews et al., 1983) and Guillow et al. (Guillow et al., 2001), theoretically, the 
deformation patterns of circular tube could be predicted. In this research, the nominal values of D/t 
and H/D were 75.70 and 1.59, respectively, which were located in the AXI-SYM (concertina) region. 
This prediction was realized in specimen Circular-F-1, which showed concertina mode in the finite 
element modelling. However, experimental results obtained diamond mode, which was possibly 
caused by the defects and imperfections of samples in additive manufacturing process, as discussed 
previously.  
The introduction of pre-folded origami patterns into conventional tubes was supposed to trigger the 
elastic and the following plastic buckling in desired patterns so that the initial peak force could be 
significantly lowered with an increased energy absorption capacity. In this Chapter, diamond and full-
diamond origami patterns were introduced, which were supposed to deform in diamond and mixed 
patterns, respectively. For diamond tube, traveling plastic hinges triggered by oblique folding creases 
on diamond patterns were expected to occur during crush. With the movement of plastic hinges on 
diamond lobes, the tube would be crushed to octagonal diamond tubes. However, the influence of the 
pre-folded trapezoid lobes were greater than expected, which could be treated as large imperfections 
compared to the triangle lobes in the circumferential direction. This imperfection led to the joint 
folding of two neighbouring trapezoid lobes in the initial stage followed by a square diamond crushed 
shape in the final stage. This phenomenon was also observed in experiments. The dihedral angle, θ, 
was highly possible the key reason that caused this type of buckling mode. For the full-diamond 
origami tubes, the trapezoid lobes became triangle ones, which had the same area as all the other 
neighbouring lobes. Therefore, this origami tube was much more uniform in geometry and had less 
imperfection than diamond origami tube. This might be the main reason that caused the uniformly 
distributed stress in the initial stage of buckling. However, the numerical model demonstrated mixed-
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mode while the experiments showed diamond mode, which was possibly caused by the high 
sensitivity to geometric imperfections generated in manufacture process. 
3.3.2 Initial peak force 
The idea of reducing the initial peak force by introducing origami patterns is similar to introducing 
other types of geometric defects to tube walls, e.g., digging grooves in tube walls (Daneshi and 
Hosseinipour, 2002), which would weaken the bearing capacity of tubes. For circular tubes, the 
triggering of buckling required much higher energy. A sharp peak force would occur when the tube 
wall was yielded and plastic deformation started. However, for origami patterns, much lower energy 
would be needed to trigger the plastic buckling as the introduction of the dihedral angle θ. Therefore, 
changing the dihedral angle would change the amplitude of the initial peak force. The dihedral angle 
might also affect the amplitude of plateau force, so did for the specific energy absorption. A proper 
dihedral angle should be determined to lower the initial peak force and increase the energy absorption. 
Another factor that will influence the amplitude of initial force might be the type of origami patterns. 
As displayed in Fig. 3-5, the stress distribution of full-diamond origami tubes was much more uniform 
than diamond and circular tubes. Therefore, it took a long crushing distance to reach the highest peak 
force in the early stage and a relatively smaller peak force was achieved (Fig. 3-4(a)). 
3.3.3 Energy absorption capacity 
According to the aforementioned studies (Robertson, 1928, Lundquist, 1933, Yoshimura, 1955), the 
buckling mode could evidently influence the energy absorption capacities of axially crushed tubes. 
Therefore, theoretically, designing tubes with specific buckling patterns could achieve desired specific 
energy absorption. The energy absorption capacity is related to the mean force Pm. In this Chapter, 
full-diamond origami tubes had the highest specific energy absorption according to the numerical 
simulation results, whereas the specific energy absorption of diamond origami tubes was comparable 
to that of circular tubes. However, the experimental results showed a slightly different trend. Full-
diamond origami tubes absorbed more energy than circular tubes, whereas diamond origami tubes 
Chapter 3   70 
showed great discreteness with one sample (Diamond-E-2) having the highest SEA and the other 
(Diamond-E-1) having the lowest. This phenomenon was believed to be caused by the highly 
inhomogeneity of 3D printed brass samples in geometry and physical properties of base materials. But 
the average SEA of diamond tubes was still comparable to circular ones. 
The specific energy absorption of tube was also reflected on the number of plastic hinges generated in 
crushing process. From the numerical and experimental results, it could be seen that more plastic 
hinge lines would result in higher energy absorption. For example, both specimens Diamond-E-2 and 
Diamond-E-1 showed diamond buckling mode in experiments. However, the mean force Pm of 
specimen Diamond-E-2 was approximately 44.53% higher than that of specimen Diamond-E-1. A 
reason that caused this difference could be the different buckling modes, specimen Diamond-E-1 
deformed in triangle buckling mode in certain stage (Fig. 3-10(a)) whereas specimen Diamond-E-2 
deformed in square buckling mode (Fig. 3-10(b)). Triangle mode had much less plastic hinge lines 
than square one. This might also be the reason that the SEA-displacement curve (Fig. 3-11) of sample 
Full-diamond-E-1 was just slightly higher than that of circular tubes. 
3.4 Conclusions 
In this Chapter, two different origami patterns (diamond and full-diamond) were introduced to 
circular tubes, aiming to induce the tubes to deform in a predictable way. Finite element models were 
built to simulate the uniaxial crushing and to investigate the influence of origami pattern and tube wall 
thickness on the mechanical behaviour of the newly designed tubes. Experiments were also conducted 
on 3D printed brass samples of the same geometry to validate the finite element models. The results 
showed that pre-folded origami patterns could significantly reduce the initial peak force while 
increase (or maintain) the specific energy absorption as compared to circular tubes in crush, provided 
that tube thickness was sufficiently small. With the increase of wall thickness, the difference in the 
initial peak force and energy absorption for all the three types of tubes (diamond, full-diamond and 
circular) became negligible. It was demonstrated in this Chapter that the introduction of origami 
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patterns could be an effective approach to simultaneously reducing the initial peak force and 
maintaining (or increasing) the specific energy absorption of thin-walled tubes made of brass.  
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Chapter 4  
 
Design of Dimpled Tubular Structures for Energy Absorption 
In Chapter 3, an origami tube composed with Yoshimura patterns was proposed, and intensively 
studied in both numerical and experimental approaches. It was found that although the specially 
designed origami tubes could obtain relatively better performance on the crashworthiness than the 
conventional circular tubes, the deformation patterns did not precisely follow the pre-folded origami 
patterns and the experimental specimen showed high sensitivity to the imperfections generated in 
manufacture process. Thus, another attempt was carried out in this chapter with smoothed patterns 
other than hard origami patterns pre-designed on the tube surface.  
In this chapter, a novel type of tube with dimpled ellipsoidal patterns was proposed. The dimpled 
ellipsoidal patterns were arranged in staggered manner in circumferential and longitudinal directions, 
with the patterns concaving in opposite directions. The influence of various design parameters, such 
as the aspect ratio of ellipse, the number of structural units in the circumferential and longitudinal 
directions, dimple depth and wall thickness, on the mechanical properties and energy absorption 
capacities of this type of tube were investigated systematically via numerical simulations and 
experiments. 
4.1 Computational implementation and experimental validation 
4.1.1 Construction of the tube with dimpled patterns 
In order to obtain dimpled patterns on the tube surface, ellipsoidal dimples were firstly created on a 
flat plane and trimmed to ellipsoidal shells as shown in Fig. 4-1(a), which created an ellipsoidal 
dimple on a flat surface. The parameters of the ellipse, i.e., the major axis (Re) and the minor axis (re), 
and the depth of the ellipsoidal dimple (he) determined the fundamental geometry of the ellipsoidal 
dimples. These three parameters should follow the mathematical relationships: 
222 )( ee hxrx   
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and 1/)/( 2222  yRhxx ee , where x was the distance from the center of ellipsoid to its cutting 
plane and y was the length of the major axis of the ellipsoid. 
 
Fig. 4-1. Construction of a dimpled tube: (a) forming an ellipsoidal dimple on a flat plane, (b) constructing a 
representative unit with opposite concave directions on the flat plane in circumferential and longitudinal 
directions, and meshing the representative unit with Hypermesh, and (c) arraying the meshed representative unit 
and rolling it in Matlab to form a dimpled tube. 
A representative structural unit was created with staggered horizontal and vertical ellipsoidal patterns 
concaved in opposite directions, as shown in Fig. 4-1(b), which was then meshed in Hypermesh by 
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shell elements (S4R and S3R). The representative unit was patterned to form a dimpled plane with the 
dimension of 150×100 mm
2
. The dimpled plane was then rolled into a dimpled tube with the height 
(H) of 100 mm and diameter (D) of 47.75 mm in Matlab after coordinate transformation (Fig. 1(c)) 
defined by the following equations, 
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(4-1) 
where X1, Y1 and Z1 were the Cartesian coordinates of the dimpled plane, while X2, Y2 and Z2 were the 
Cartesian coordinates of the transformed dimpled tube. X1max and X1min were the maximum and 
minimum values of X1 in the dimpled plane, respectively. Rr was the mean radius of the rolled tube. In 
this study, the circumferential dimples (major axis along circumferential direction) concaved inward 
and longitudinal dimples (major axis along longitudinal direction) concaved outward.  
4.1.2 3D printed samples 
Circular and dimpled brass tubes were fabricated by 3D printing. The final geometry of dimpled tubes 
was shown in Fig. 4-2(a) in comparison to the numerical model. The physical parameters of each tube 
were carefully measured, and the average values were obtained as: height, H=99.16 mm; wall 
thickness, t=0.57 mm; outer diameter, D=47.90 mm; and weight, m=74.5 g. Standard rod dog-bone 
specimens were 3D printed by using the same material and manufacturing technique with the gauge 
length of 25 mm and rod diameter of 5 mm (Fig. 4-2(b)). The mechanical properties of the raw brass 
were characterized by uniaxial tensile tests on MTS machine (type 810). Fig. 4-2(c) illustrated the true 
stress-strain curves of dog-bone specimens obtained from tensile tests, and the mean mechanical 
properties were identified as: density, ρ=8,671 Kg/m3; Young’s modulus, E=49.51 GPa; and yield 
strength, σy=138.62 MPa.  
Chapter 4   75 
 
Fig. 4-2. 3D printed models and dog-bone specimens: (a) side and top views of 3D printed dimpled brass tube 
(left) in comparison to finite element model (right), (b) 3D printed rod dog-bone specimens made of brass, and 
(c) the true stress-strain curves of rod dog-bone specimens obtained from uniaxial tension test. 
4.1.3 Numerical simulation and validation 
Similar to the approaches applied in the last chapter, Abaqus/Explicit was used to simulate the quasi-
static compression of circular and dimpled tubes with the gradually increasing velocities from zero to 
8 m/s. The stress-strain curve with the largest elongation from the uniaxial tensile test was used to 
define the material model as shown in Fig. 4-2(c) (Sample-3). In the simulation, the tube was 
sandwiched between two rigid plates, with a small clearance between the upper plate and the top edge 
of the tube to avoid initial penetration. The lower plate was fixed in all directions, while the upper one 
could only move in the loading direction. Applying the velocity loading, the upper rigid plate moved 
downwards to crush the tube. General contact was defined to the whole model with a friction 
coefficient of 0.25. The mesh of the dimpled tubes was generated by Hypermesh with mainly S4R 
elements and partly S3R elements in irregular regions. Circular tubes were only meshed with uniform 
S4R elements. The element size was determined as 0.5 mm through sensitivity analyses. The 
mechanical properties illustrated in Section 4.1.2 were introduced to the material models in finite 
element modelling. Material models In order to avoid the hour-glass effects and dynamic effects, the 
ratios of artificial energy and kinetic energy to internal energy were both controlled to be less than 5%. 
The final crushed distance was set to be 90 mm, i.e., 90% of the initial height of the tube. 
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Uniaxial compression tests were conducted on 3D printed specimens on MTS machine (type 810) to 
validate the finite element modelling. The crushing speed of the tests was set at 10
-4
 m/s to guarantee 
the quasi-static condition. The crushing process was captured by a digital camera.  
Figure 4-3 compared the deformation procedure and load-displacement curves of the same dimpled 
tube from simulation (Dimple-A15 in Table 4-1) and experiments (Dimple-E1 in Table 4-4). Figures 
4-3(a) and (b) showed similar deformation patterns, i.e., diamond buckling mode. Most importantly, 
the deformation pattern was predominantly governed by the pre-folded ellipsoidal patterns for both 
numerical simulation and experiment. The mean crushing force obtained from the experiments (4.89 
kN) was approximately 6.1% smaller than the value from simulation (5.21 kN). The load-
displacement curves in Fig. 4-3(c) also showed good agreements between simulation and experiment 
on the trends and amplitudes. Thus, identical parameters to the aforementioned finite element model 
were used in the following numerical simulations. 
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Fig. 4-3. Comparison of deformation patterns and force-displacement curves between experiment and numerical 
simulation for the same dimpled tube: (a) deformation pattern observed in experiment, (b) deformation pattern 
obtained from finite element modelling, and (c) comparison of load-displacement curves of the same dimpled 
tube, obtained from experiment and finite element modelling. 
4.2 Results 
4.2.1 Parametric studies 
A series of finite element simulations were conducted to investigate the influence of typical 
parameters on the mechanical response and energy absorption capacity of dimpled tubes, such as the 
ellipse aspect ratio (Re/re), the number of structural units in the circumferential direction (N1) and in 
the longitudinal direction (N2), dimple depth (he) and wall thickness (t). Tables 4-1, 4-2 and 4-3 listed 
the numerical results from the finite element models. 
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The influence of the aspect ratio of ellipse 
The influence of ellipse aspect ratio of the ellipsoidal dimples in the circumferential direction (Re1/re1) 
and the longitudinal direction (Re2/re2) was investigated. The number of representative structural units 
in the circumferential and longitudinal directions were fixed at six and five, respectively, i.e., N1=6 
and N2=5. The depth of dimple, he, was 0.83 mm and the wall thickness, t, was 0.57 mm. Table 4-1 
listed the FEM results of the initial peak force (Pi), the mean crushing force (Pm), the fluctuation range 
of crushing force (ΔP), and the collapse mode for each specimen. The fluctuation of crushing force, 
ΔP, was calculated as the standard deviation of crushing force during compression (from zero to the 
effective displacement, de). The results showed significantly reduced initial peak force for dimpled 
tubes as compared to conventional circular tube of the same size. The initial peak force for circular 
tube (H=100 mm, D=47.75 mm) was more than twice the value of the dimpled tubes, with a value as 
high as 13.22 kN. This trend was evidently illustrated in Fig. 4-4(a) and (b), which showed the force-
displacement curves of the dimpled tubes with different Re2/re2 or Re1/re1 values when Re1/re1 or Re2/re2 
was fixed at six. Figure 4-4(c) showed that both the initial peak force and the mean crushing force 
slightly decreased with the increase of Re2/re2 when it was smaller than three (Re2/re2<3), and 
maintained almost constant when Re2/re2 was equal or larger than three (Re2/re2≥3). Three dimpled 
tubes showed higher mean crushing force than circular tube when Re2/re2 was less than three, with the 
maximum incensement of 4.9% for specimen Dimple-A5 (Re1/re1=6, Re2/re2=2). The other dimpled 
tubes achieved slightly lower mean crushing force, with the largest reduction of 4.1% for specimen 
Dimple-A17 (Re1/re1=3, Re2/re2=5) and Dimple-A18 (Re1/re1=3, Re2/re2=4). Meanwhile, the fluctuation 
of crushing force gradually decreased with the increase of Re2/re2 to four (Re2/re2<4) and then 
stabilized, as shown in Fig. 4-4(d), which was evidently smaller than that of circular tube. This 
phenomenon indicates that slender ellipsoidal dimples arrayed in longitudinal direction shall result in 
relatively lower initial peak force and mean crushing force when Re2/re2 is smaller than three. Beyond 
this critical point, even more slender dimples would not evidently affect the initial peak force and 
mean crushing force. However, slender dimples in circumferential direction showed different 
influence. As shown in Fig. 4-4(e), the initial peak force increased slightly with the increase of Re1/re1 
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from three to six, when Re2/re2 was fixed at two to six, respectively. Similar increasing trends were 
also observed for mean crushing force, regardless of the aspect ratio of longitudinal dimples. On the 
other hand, the fluctuation of the crushing force was generally decreasing or maintaining constant 
with the increase of the aspect ratio of the circumferential dimples except the case when Re2/re2=2, 
whose fluctuation firstly decreased and then increased when Re1/re1≥4 as shown in Fig. 4-4(f). 
Therefore, in order to achieve lower initial peak force, higher mean crushing force and smaller 
fluctuation of crushing force, balanced Re1/re1 and Re2/re2 values should be selected in the design based 
on specific requirements. All the dimpled tubes showed diamond mode in crush, such as the typical 
one in Fig. 4-3(b) for specimen Dimple-A15, while the circular tube showed mixed mode.   
Table 4-1. Summary of finite element modelling results with varying Re1/re1 and Re2/re2. 
Specimen 
Re1/re1 
(mm) 
Re2/re2 
(mm) 
Pi 
(kN) 
Pm 
(kN) 
ΔP 
Collapse 
mode 
Circular-1 - - 13.22 5.09 1.99 Mixed 
Dimple-A1 6 6 6.18 5.05 0.85 Diamond 
Dimple-A2 6 5 6.20 5.04 0.85 Diamond 
Dimple-A3 6 4 6.23 5.06 0.86 Diamond 
Dimple-A4 6 3 6.32 5.05 0.90 Diamond 
Dimple-A5 6 2 6.78 5.34 1.05 Diamond 
Dimple-A6 5 6 6.14 5.02 0.84 Diamond 
Dimple-A7 5 5 6.16 4.95 0.88 Diamond 
Dimple-A8 5 4 6.20 5.01 0.86 Diamond 
Dimple-A9 5 3 6.31 4.94 0.91 Diamond 
Dimple-A10 5 2 6.72 5.29 0.99 Diamond 
Dimple-A11 4 6 6.07 4.94 0.84 Diamond 
Dimple-A12 4 5 6.11 4.93 0.85 Diamond 
Dimple-A13 4 4 6.15 4.93 0.86 Diamond 
Dimple-A14 4 3 6.27 4.92 0.92 Diamond 
Dimple-A15 4 2 6.63 5.21 0.96 Diamond 
Dimple-A16 3 6 5.98 4.91 0.87 Diamond 
Dimple-A17 3 5 6.00 4.88 0.88 Diamond 
Dimple-A18 3 4 6.05 4.88 0.90 Diamond 
Dimple-A19 3 3 6.16 4.90 0.96 Diamond 
Dimple-A20 3 2 6.51 5.01 1.01 Diamond 
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Fig. 4-4. Results from finite element modelling showing the influence of the aspect ratio of circumferential 
dimples (Re1/re1) and longitudinal dimples (Re2/re2): (a) load-displacement curves when Re1/re1=6, (b) load-
displacement curves when Re2/re2=6, (c) the dependence of initial peak force and mean crushing force on Re2/re2, 
(d) the dependence of fluctuation of crushing force on Re2/re2, (e) the dependence of initial peak force and mean 
crushing force on Re1/re1, and (f) the dependence of fluctuation of crushing force on Re1/re1. The inserted figures 
in (a) and (b) show the enlarged view in the earlier stage of crush. 
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The influence of the number of structural units 
The influence of the number of structural units in circumferential direction (N1) and longitudinal 
direction (N2) was also studied when the other parameters of specimens were fixed at: Re1/re1=4, 
Re2/re2=2, he=0.83 mm and t=0.57 mm. Table 4-2 listed the key results of finite element modelling, 
which showed that the initial peak force was evidently reduced in comparison to circular tube ranging 
from 27% (Dimple-B6 (N1=7, N2=4)) to 57% (Dimple-B4 (N1=5, N2=5)). The load-displacement 
curves in Figs. 4-5(a) and (b) clearly showed this reduction when fixing one number, N1 or N2. Figures 
5(c) and (e) further illustrated the dependence of the initial peak force Pi on the number of 
circumferential and longitudinal structural units, respectively. It showed that the increase of 
circumferential units could result in increasing initial peak force (Fig. 4-5(c)), while increasing 
longitudinal unit number leaded to decreasing initial peak force (Fig. 4-5(e)). Therefore, in the design 
of dimpled tubes, we shall intentionally increase the number of structural units along longitudinal 
direction while decrease the number in circumferential direction to acquire lower initial peak force. 
Regarding the mean crushing force, two studied dimpled tubes had higher values than circular tube 
with the highest percentage of 8.4% while seven dimpled tubes had lower values with the lowest 
percentage of 17.5%. With the increase of the number of the structural units in circumferential 
direction (N1) from five to six, the mean crushing force increased from around 4.3 kN to around 5.2 
kN, well above the mean crushing force of circular tube. However, the mean crushing force slightly 
decreased when the circumferential number of structural units increased from six to seven, as shown 
in Fig. 4-5(c). It was observed in the finite element modeling that the folding procedure was not 
governed by the predesigned patterns for the tubes with N1=7, which indicated that excessive large 
number of circumferential units were unnecessary for higher mean crushing force, and the suitable 
number in this study would be six (N1=6). On the other hand, the increase of longitudinal structural 
units would not cause significant change of mean crushing force, as shown in Fig. 4-5(e). 
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Figures 4-5 (d) and (f) illustrated the magnitude of the fluctuation of crushing force for the studied 
dimpled tubes. It showed that, with the increase of the circumferential units, the crushing force 
fluctuated more and more dramatically for dimpled tubes with a fixed number of longitudinal units 
(Fig. 4-5(d)). However, increasing the number of longitudinal units might reduce the fluctuation level 
of crushing force. As shown in Fig. 4-5(f), when N1=7, gradual decrease of fluctuation could be found. 
When N1=5 and 6, the fluctuation dropped first and then increased, but the values were much lower 
than those of the conventional circular tubes. 
In summary, increasing the number of circumferential units may increase the mean crushing force, 
while it may result in higher initial peak force and larger magnitude of fluctuation at the same time. In 
contrast, increasing the number of longitudinal units may lead to lower initial peak force, stationed 
mean crushing force, as well as reduced fluctuation in a certain range. Therefore, balanced parameters 
should be selected in the design of dimpled tubes with desired initial peak force, mean crushing force 
and fluctuation. For example, in this studied scope, if relatively high mean crushing force and low 
fluctuation are the main requirements, the optimal number of structural units should be six in 
circumferential direction (N1=6) and five in longitudinal directions (N2=5).  
Table 4-2. Summary of finite element modelling results with varying N1 and N2. 
Specimen N1
 
N2
 Pi 
(kN) 
Pm 
(kN) 
ΔP 
Collapse 
mode 
Circular-1 - - 13.22 5.09 1.99 Mixed 
Dimple-B1 6 4 7.43 5.52 1.31 Diamond 
Dimple-A15 6 5 6.63 5.21 0.96 Diamond 
Dimple-B2 6 6 6.42 4.98 1.07 Diamond 
Dimple-B3 5 4 5.90 4.27 0.89 Diamond 
Dimple-B4 5 5 5.73 4.39 0.82 Diamond 
Dimple-B5 5 6 5.77 4.20 1.00 Diamond 
Dimple-B6 7 4 9.71 4.98 1.93 Diamond 
Dimple-B7 7 5 8.19 4.83 1.54 Diamond 
Dimple-B8 7 6 7.42 4.79 1.28 Diamond 
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Fig. 4-5. Results from finite element modelling showing the influence of the number of circumferential units (N1) 
and longitudinal units (N2): (a) load-displacement curves when N1=6, (b) load-displacement curves when N2=6, 
(c) the dependence of initial peak force and mean crushing force on N1, (d) the dependence of fluctuation of 
crushing force on N1, (e) the dependence of initial peak force and mean crushing force on N2, and (f) the 
dependence of fluctuation of crushing force on N2. The inserted figures in (a) and (b) show the enlarged view in 
the earlier stage of crush. 
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The influence of wall thickness and dimple depth 
The influence of wall thickness (t) and dimple depth (he) of the dimpled tubes were further studied 
with the other parameters fixed at: N1=6, N2=5, Re1/re1=4, Re2/re2=2. Circular tubes of 0.30 mm, 0.57 
mm and 0.90 mm thick were also studied as benchmarks for comparison. The numerical results 
obtained from finite element modelling were summarized in Table 4-3.  
Figures 4-6(a) and (b) plotted the typical load-displacement curves of circular tubes and dimpled 
tubes with different dimple depth when the wall thickness was fixed at 0.30 mm and 0.90 mm, 
respectively. It showed that the initial peak force of circular tubes was significantly reduced when 
ellipsoidal dimples were introduced. It also showed that thicker walls resulted in smaller difference in 
initial peak force between circular and dimpled tubes. For example, when he was fixed at 0.83 mm, 
the reduction of initial peak force changed from 67% for thinner specimen Dimple-C1 (t=0.30 mm) to 
34% for thicker specimen Dimple-C2 (t=0.90 mm). Figure 4-6(c) evidently showed the significant 
increase in initial peak force with increasing wall thickness when the depth of dimple was fixed at 
different values. Similar trend could also be found for the mean crushing force, i.e., with the increase 
of the wall thickness, the mean crushing force increased significantly. As compared to circular tubes, 
the dimpled tubes had comparable mean crushing force. Figure 4-6(d) clearly showed that dimpled 
tubes obtained much smaller fluctuations in the plateau region than circular tubes, and the fluctuation 
of crushing force became more violent with the increase of wall thickness. Furthermore, as observed 
in the finite element modelling, the dimpled tubes of 0.90 mm thick achieved similar buckling mode 
to circular tubes, without following the predesigned dimple patterns. Therefore, wall thickness is of 
significant importance in determining the mechanical response of tubes in crush. The increase of wall 
thickness could result in higher initial peak force and higher mean crushing force, as well as more 
violent fluctuations of plateau force. It might dominate the folding patterns of tubes in crush, which 
made the influence of the dimpled patterns negligible.  
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However, the influence of dimple depth he seems different to that of the wall thickness. As shown in 
Fig. 4-6(e), the initial peak force for dimpled tubes was evidently reduced with the increase of dimple 
depth when t was fixed. Meanwhile, the mean crushing force maintained almost the same except the 
specimens of 0.90 mm thick, whose mean crushing force increased slightly. Figure 4-6(e) also showed 
that the mean crushing force achieved by dimpled tubes was quite similar to that of circular tubes. 
Figure 4-6(f) illustrated the fluctuation of the plateau force of the studied dimpled tubes and circular 
tubes with the same wall thickness. It showed that the fluctuation of plateau force remained almost 
stable for specimens with wall thickness of 0.30 and 0.57 mm, respectively. However, for specimens 
of 0.90 mm thick, the fluctuation gradually reduced with the increasing dimple depth. This again 
indicated that the tube wall would play a predominant role in the buckling of tubes when it was 
sufficiently thick. It should be noted that most of the studied specimens had much less fluctuating 
crushing force than their circular counterparts. The above results indicated that deeper dimpled 
patterns are likely to reduce the initial peak force, while maintain the mean crushing force and 
fluctuation of plateau force.  
Table 4-3. Summary of finite element modelling results with varying t and he. 
Specimen 
h 
(mm) 
t 
(mm) 
Pi 
(kN) 
Pm 
(kN) 
ΔP 
Collapse 
mode 
Circular-2 - 0.30 6.10 1.45 0.71 Mixed 
Circular-1 - 0.57 13.22 5.09 1.99 Mixed 
Circular-3 - 0.90 23.33 10.88 4.22 Mixed 
Dimple-C1 0.83 0.30 1.99 1.42 0.33 Diamond 
Dimple-A15 0.83 0.57 6.63 5.21 0.96 Diamond 
Dimple-C2 0.83 0.90 15.41 11.97 2.76 Diamond 
Dimple-C3 1.25 0.30 1.93 1.36 0.34 Diamond 
Dimple-C4 1.25 0.57 6.09 4.81 1.00 Diamond 
Dimple-C5 1.25 0.90 13.47 11.91 2.35 Diamond 
Dimple-C6 0.42 0.30 2.43 1.47 0.39 Diamond 
Dimple-C7 0.42 0.57 8.22 5.37 1.22 Diamond 
Dimple-C8 0.42 0.90 18.47 10.75 3.54 Diamond 
 
Chapter 4   86 
 
Fig. 4-6. Results from finite element modelling showing the influence of wall thickness (t) and the depth of 
dimple (he): (a) load-displacement curves when t=0.30 mm, (b) load-displacement curves when t=0.90 mm, (c) 
the dependence of initial peak force and mean crushing force on t, (d) the dependence of fluctuation of crushing 
force on t, (e) the dependence of initial peak force and mean crushing force on he, and (f) the dependence of 
fluctuation of crushing force on he. 
4.2.2 Experimental results 
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Quasi-static tests were conducted on 3D printed circular and dimpled brass tubes by using MTS 
machine. Key experimental results were summarized in Table 4-4. As shown in Fig. 4-7, the initial 
peak force of dimpled tubes was much lower than that of circular tubes, with the largest reduction of 
40% between specimens Dimple-E2 and Circular-E1. The mean crushing force of dimpled tubes was 
comparable to that of circular tubes, e.g., 4.89 kN for specimen Dimple-E1 that were 4.1% lower than 
that of specimen Circular-E1. The largest difference in mean crushing force was between the circular 
tubes, with the highest value of 5.1 kN and lowest value of 4.57 kN, probably due to the geometric 
imperfections in 3D printing process. The fluctuation of crushing force for dimpled tubes was 
significantly lower than that of circular tubes, with the average reduction of 35%.  
Table 4-4. Summary of compression test results. 
Specimen 
Pi 
(kN) 
Pm 
(kN) 
ΔP 
Collapse 
mode 
Circular-E1 13.29 5.10 1.33 Diamond 
Circular-E2 12.58 4.57 1.32 Diamond 
Dimple-E1 8.35 4.89 0.85 Diamond 
Dimple-E2 7.87 4.94 0.87 Diamond 
 
 
Fig. 4-7. Experimental load-displacement curves of circular and dimpled brass tubes. 
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Fig. 4-8. Deformation patterns of different specimens with nominal dimensions: diameter, 47.75 mm, wall 
thickness, 0.57mm: (a) Circular-E1 (t=0.59 mm), (b) Circular-E2 (t=0.55 mm), (c) Dimple-E1 (t=0.55 mm), (d) 
Dimple-E2 (t=0.59 mm). 
The deformation procedure of 3D printed raw brass tubes during crush was shown in Fig. 4-8. 
Progressive buckling could be observed in all tested tubes. It can be seen from Figs. 4-8(a) and (b) 
that both the two circular tubes showed diamond buckling mode. For dimpled tubes (Figs. 8(c) and 
(d)), the plastic buckling happened at either the lower portion (Dimple-E1) or upper portion (Dimple-
E2) of the specimens. The folding sequences of both the two dimpled tubes were observed to follow 
the predesigned dimpled patterns, which was similar to the results from finite element modelling. 
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4.3 Discussion 
According to the classification diagram established by Guillow et al.(Guillow et al., 2001), when D/t 
ratio ranged from 30 to 90, circular tubes with H/D ratio larger than two would have mixed buckling 
mode while if H/D was lower than two, concertina mode would be achieved. In this study, D/t and 
H/D ratios were intentionally selected as 83.77 and 2.09, respectively. Therefore, the circular tubes in 
this study could be either in mixed mode or concertina mode. The FEM models of the conventional 
circular tubes showed mixed mode, while the experimental ones achieved diamond mode, probably 
caused by the imperfections generated in manufacture process. 
The introduction of ellipsoidal dimples on circular tubes was observed to effectively guide the 
collapse during the compression in the finite element modelling and experiments. In each layer of 
dimpled tubes, longitudinal dimples (major axis along longitudinal direction) and circumferential 
dimples (major axis along circumferential direction) were arranged in staggered manner with the 
former concaved outwards and the latter concaved inwards. The neighbouring layers were also 
arranged in staggered manner. Through this arrangement, the circumferential dimples of the end layer 
(with an open end cut in half) would be forced to collapse inwards and firstly fully crushed, dragging 
the longitudinal dimples to bend outwards, which were not initially fully crushed. Therefore, during a 
majority of time in crush, the bending and buckling of the longitudinal dimples were the main source 
to resist axial loads. This type of buckling mechanism was approved in the finite element modelling. 
Compared to conventional circular tubes, dimpled tubes in this study generally had remarkably 
lowered initial peak force as they required much lower energy to trigger the initial collapse because of 
the predesigned dimples. It has been commonly acknowledged that the introduction of imperfections 
or defects could lower the initial peak force. The results in this Chapter showed that, even for those 
dimpled tubes that buckled without following the predesigned ellipsoidal patterns in crush, the initial 
peak force was still much lower than that of circular tubes. Therefore, the introduction of randomly 
distributed imperfections or defects may also effectively lower the initial peak force. To prove this, 
two types of tubes (Fig. 4-9(b)) with randomly distributed lumps on the surfaces were investigated. 
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One type of tube (Irregular-1) had irregular ellipsoidal dimples of different shape, size and concaving-
directions randomly distributed on the surface. The other type of tube (Irregular-2) was built based on 
specimen Dimple-A15 (N1=6, N2=5, Re1/re1=4, Re2/re2=2, he=0.83 mm and t=0.57 mm) by randomly 
rotating the dimples along their radial directions by 15 or 30 degrees. Table 4-5 listed the initial peak 
force, mean crushing force, and the corresponding fluctuations of the two types of dimpled tubes with 
randomly distributed dimples. The load-displacement curves in Fig. 4-9(a) clearly showed 
significantly lowered initial peak force (34% for Irregular-1 and 49% for Irregular-2) and smaller 
fluctuations as compared to circular tube. Figure 4-9(b) showed completely random folding patterns 
for specimen Irregular-1, while the folding of specimen Irregular-2 partially followed the rotated 
circumferential dimples. However, it can be seen from Fig. 4-9(a) that the mean crushing forces of 
these two types of tubes were significantly reduced as compared to circular tube by 22% and 32% for 
specimen Irregular-1 and specimen Irregular-2, respectively. Therefore, the introduction of random 
imperfections or defects cannot bring optimal design of tubes for energy absorption, which should 
have smaller-the-better initial peak force and fluctuation, and larger-the-better mean crushing force.  
Table 4-5. Summary of finite element modelling results with irregular dimpled patterns and arrays 
Specimen 
Pi 
(kN) 
Pm 
(kN) 
ΔP 
Collapse 
mode 
Circular-1 13.22 5.09 1.99 Concertina 
Irregular-1 8.77 3.96 1.65 Diamond 
Irregular-2 6.80 3.48 1.14 Diamond 
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Fig. 4-9. Comparison between circular and irregular dimpled tubes: (a) load-displacement curves of circular and 
irregular dimpled tubes, (b) von-Mises stress contour of Irregular-1(upper) and Irregular-2 (lower) in crush. 
In the present study, regularly arrayed ellipsoidal dimples on the surfaces of circular tubes were 
proved by experiments and numerical simulations that balanced or optimal mechanical properties of 
tubes (initial peak force, mean crushing force and fluctuation of crushing force) could be achieved 
through proper selection of design parameters. Firstly, the aspect ratio of ellipsoidal dimples would 
affect tube properties. As mentioned previously, slender longitudinal dimples (larger Re2/re2) could 
bring reduced values of mean crushing force and initial peak force when Re2/re2 was smaller than three 
(Re2/re2<3). It may also lead to smaller fluctuations when Re2/re2<4. Beyond the critical points, the 
initial peak force, mean crushing force and fluctuation maintained almost constant. However, the rule 
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for designing energy absorbing tubes is larger-the-better for mean crushing force. Therefore, the 
optimal Re2/re2 values should also consider other design variables.  
As revealed in the above studies, slender circumferential dimple (larger Re1/re1) might have larger 
mean crushing force and initial peak force when 3≤Re1/re1≤6. It might also result in smaller 
fluctuations when Re1/re1<4. Surpassing this point, the fluctuation might increase or stabilize 
depending on the aspect ratio of longitudinal dimples. Therefore, when designing dimpled tubes, we 
cannot create excessive slender or wide longitudinal dimples as the former would sacrifice the mean 
crushing force, while the latter might bring more violent oscillations of the crushing force. Balanced 
aspect ratio should be carefully selected for circumferential and longitudinal dimples to obtain smaller 
initial peak force, larger mean crushing force and smaller fluctuations of crushing force. Secondly, the 
number of structural units in circumferential (N1) and longitudinal directions (N2) could also affect the 
properties of dimpled tubes. The increase of the circumferential unit number may lead to increased 
mean crushing force, as well as increased initial peak force and more violate oscillation of crushing 
force. In this study, the dimpled tubes containing six units in circumferential direction would achieve 
the highest mean crushing force. The increase of longitudinal unit number would not significantly 
change the values of mean crushing force, but it may bring smaller fluctuation of crushing force in a 
certain range and remarkably lowered initial peak force. Therefore, in the design process, the 
circumferential unit number could not be set to be too large while the longitudinal unit number shall 
not be too large or too small. The optimal number of structural units in this work were N1=6 and N2=5 
if relatively high mean crushing force and low fluctuation were the main design requirements. It 
should be noticed that the selection of these two design variables were influenced by the selection of 
other parameters. Last but not least, the wall thickness (t) and dimple depth (he) could also influence 
the tube properties. The increase of wall thickness could evidently enhance the mean crushing force, 
but both the initial peak force and the fluctuation of plateau force were significantly increased as well. 
Actually, the wall thickness is a key parameter to determine the buckling mechanisms of dimpled 
tubes. For example, in this Chapter, when t increased to 0.90 mm, the buckling of specimens did not 
follow the predesigned patterns, which might also lead to violent oscillations of crushing force. 
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Therefore, the wall thickness in the studied range should be less than 0.90 mm (t<0.90 mm). The 
increase of dimple depth mainly contribute to lowered initial peak force, and has less influence on the 
mean crushing force and the fluctuation of crushing force.  
It should be emphasized that the function of the design variables are actually coupled to each other. 
When determining the optimal design variables, a number of FEM-based numerical simulations 
should be conducted for an optimal solution. Furthermore, the manufacturing technique to fabricate 
this type of tubes could be developed based on conventional stamping technologies. Figure 4-10 
sketched one of the possible solutions that are capable of fabricating dimpled tubes at relatively low 
cost, in which predesigned patterns were stamped on the surface of conventional circular tubes. The 
conceptual stamping system of this design contains a set of curved inner stamping dies and a set of 
curved outer bolster dies. Discrete stamping dies are connected to a ring in the centre by individual 
bent-live guide bar (Fig. 4-10(a), left figure). By rotating the ring clockwise or counter-clockwise 
through a motor, the stamping dies can move radially to press or release the sandwiched raw circular 
tubes. Discrete bolster dies are fixed on a metal outer ring through a guide, which could be used to 
adjust the position of bolster dies (Fig. 4-10(a), right). The flexible design of both the two sets of dies 
is to guarantee the installation and removal of raw tubes and final products. Figure 4-10(b) 
demonstrates a complete fabricating process. 
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Fig. 4-10. Conceptual technique for fabricating dimpled tubes: (a) inner stamping die (left) and outer bolster die 
(right); and (b) typical fabricating process. 
4.4 Conclusions 
In this Chapter, a novel type of tube containing dimpled surface was proposed. The influence of 
different design parameters on the mechanical response of dimpled tubes was systematically 
investigated via experimentally validated finite element modelling, including the ellipse aspect ratio 
(Re/re), the circumferential unit number (N1), the longitudinal unit number (N2), the wall thickness (t) 
and the dimple depth (he). The experimental results from quasi-static compression tests on 3D printed 
brass tubes showed a good agreement with the solutions from finite element modelling.  
The results showed that the aspect ratio of dimples had great influence on tube properties and the 
functions of circumferential and longitudinal dimples were remarkably different. Parametric studies 
showed that slender longitudinal dimples (larger Re2/re2) could bring reduced values of the initial peak 
force and mean crushing force Re2/re2<3. It may also lead to smaller fluctuations when Re2/re2<4. 
However, slender circumferential dimple (larger Re1/re1) would result in larger mean crushing force 
and bigger initial peak force when 3≤Re1/re1≤6, and smaller fluctuation of the crushing force when 
Re1/re1<4. To obtain high-performance designs of dimpled tubes, it is recommended not to select 
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excessively large or small Re2/re2 values so that the mean crushing force is not lowered and the violent 
fluctuation of the crushing force is supressed. Instead, balanced aspect ratios should be carefully 
selected for circumferential and longitudinal dimples. 
A larger circumferential unit number may result in increased mean crushing force, as well as 
unfavourably increased initial peak force and more violent fluctuation of the crushing force, while the 
longitudinal unit number mainly affects the initial peak force. Remarkably reduced initial peak force 
could be achieved when increasing the longitudinal unit number. The thickness of the tube wall is 
another key factor that may result in higher mean crushing force, and may also increase initial peak 
force and fluctuation of the crushing force. However, the increase of the dimple depth could 
counteract this negative effect as it can influence the initial peak force without affecting the mean 
crushing force and the fluctuation. 
Therefore, to achieve the optimal design (low initial peak force, high mean crushing force and small 
fluctuation of the crushing force), balanced parameters should be selected depending on specific 
requirements of applications. 
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Chapter 5  
 
In-depth investigations on the origami tube with full-diamond (Yoshimura) 
patterns: structural unit arrangements, material properties and dynamic effects 
The results obtained from dimpled tube in Chapter 4 showed that with proper parametric designs the 
initial peak force and the crushing force fluctuation of the dimpled tubes in the plateau region could 
be significantly reduced, without substantially sacrificing the mean crushing force. In this Chapter, 
full-diamond tubes were drawn from the previous work to investigate the effects of three parameters 
(the number of structural units in the circumferential and longitudinal directions, material properties 
and dynamic effects) on the mechanical properties and energy absorption capacity through numerical 
simulations. Dimpled tubes with identical structural unit arrangements and conventional circular tube 
were introduced to make a comparison with full-diamond tubes. 
5.1 Computational implementation 
5.1.1 The tube with different patterns 
Figure 5-1 illustrated the two novel types of tubular structure with full-diamond and dimpled patterns. 
The full-diamond tube was composed of Yoshimura-pattern, while the dimpled tube consisted of 
ellipsoidal dimples with staggered vertical and horizontal patterns concaving outward and inward, 
respectively. The new full-diamond tubes studied in this chapter were designed with the same 
dimensions as the dimpled ones with the height (H) of 100 mm and the diameter (D) of 47.75 mm. To 
guarantee that all the tubes had the same mass, different wall thickness (t) were predefined for the 
full-diamond and circular tubes, as shown in Table 5-1. 
Chapter 5   97 
 
Fig. 5-1. Typical side and top views of finite element models for: (a) full-diamond tube and (b) dimpled tube. 
The inserted figures in (a) and (b) showed the enlarged view of their corresponding representative structural 
units. 
5.1.2 Finite element modelling (FEM) 
Finite element analysis (FEA) was conducted in Abaqus/Explicit to simulate the quasi-static and 
dynamic crushing tests. In the simulation, the tube was sandwiched between two rigid plates, with a 
small clearance between the upper plate and the top edge of the tube to avoid initial penetration. The 
lower plate was fixed in all directions, while the upper one could only move in the loading direction. 
The models were meshed with the element size as small as 0.5 mm after mesh sensitivity analyses. 
The dimpled tubes were mainly meshed with S4R and partly with S3R in irregular regions, while the 
full-diamond and circular tubes were meshed with S4R uniformly. General contact was defined for all 
possible contacts of the entire tube with a friction set as 0.25. For the static crushing tests, gradually 
increasing velocity load identical to the one defined in Chapter 4 were applied to the upper plate. The 
material properties used the same data that applied in Chapter 4 as well with the mean values 
identified as: density, ρ=8,671 kg/m3; Young’s modulus, E=49.51 GPa; and yield strength, σy=138.62 
MPa. For the dynamic modelling, an initial velocity of 7.6 m/s was applied to the upper rigid plate to 
approximate the kinetic condition of a dropped weight from a height as large as 3 m in experiments. A 
concentrate force of 125.77 kN was defined to the upper plate with an acceleration of 9.8 m/s
2
 during 
the crushing process, aiming to approximate the gravity of the dropped weight. The strain-stress 
relationship in dynamic simulations considered the plastic kinetic hardening effects, and was 
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identified through a series of material tests with the application of Johnson-Cook material model 
(Johnson and Cook, 1985).  
5.1.3 Material properties for the dynamic simulation 
Johnson-Cook material model (Johnson and Cook, 1985) were applied for the plastic kinetic 
hardening behaviour in dynamic crushing simulations. Generally, the Johnson-Cook material model 
was used to describe material behaviour in the plastic region over large strains, high strain rates and 
high temperatures. The material model could be described as: 
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where, σ
d 
0  was the dynamic flow stress; εp represented the effective plastic strain;  and 0 separately 
denoted the strain rate and the reference strain rate; T stood for the ambient temperature of samples, 
while Tm and Tr denoted the melting point of material and room temperature, respectively; A, B, C, n, 
and m were the empirical constants obtained through the approximation over material test results. 
In this study, the influence of temperature was not taken into account. Therefore, the expression of 
flow stress was simplified as: 
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To obtain the values of A, B, and n for large strain response, quasi-static compression tests was firstly 
conducted on five cylindrical specimens with the dimension of 11 mm × 22 mm (Fig. 5-2(a) upper). 
Based on the test results, the constant values were derived through the curve fitting of Matlab. 
After achieving the values of A, B and n, the strain rate factor C was calculated through dynamic 
compression tests, which were conducted by Split-Hopkinson Pressure Bar (SHPB) system. The 
Chapter 5   99 
material testing samples were designed to be 11 mm × 11 mm (Fig. 5-2(a) lower). The specimens 
were tested under the strain rate of 400 s
-1
 and 800 s
-1
, respectively, with five specimens for each 
occasion. The averaged values for the approximation results were regarded as the final value of C. All 
the constants, A, B, n and C, were obtained in this study as 186.34, 891.36, 0.6816 and 0.01993, 
respectively. Thus, Eq. (5-2) could be rewritten as: 
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Figure 5-2(b) illustrated the true stress-strain curves of cylindrical specimens obtained from 
compression tests and SHPB tests as well as their approximation curves with two strain rates (400 s
-1
 
and 800 s
-1
). It can be seen from Fig. 5-2(b) that the approximation curves showed good fitness to the 
test results. Equation (5-3) was used to define the stress-strain relationship of the dynamic FE models 
in post-buckling deformations. The other mechanical properties for the dynamic FE model remained 
the identical data that defined in static simulations. 
 
Fig. 5-2. 3D printed cylindrical specimens and true stress-strain curves: (a) 3D printed cylindrical specimens 
made of brass, and (b) the true stress-strain curves obtained from compression tests and SHPB tests and their 
approximation curves. 
5.2 Results and discussion 
5.2.1 The influence of the number of structural units 
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The influence of the number of circumferential units (N1) and longitudinal units (N2) on full-diamond 
tubes was investigated in this section. Circular tube with identical dimensions (H=100 mm, D=47.75 
mm) and mass (0.129 kg) was studied as a benchmark for comparison. The finite element modelling 
results for initial peak force (Pi), mean crushing force (Pm) and buckling mode for each specimen 
were listed in Table 5-1. 
The results showed that the initial peak force of full-diamond tube was significantly reduced as 
compared to that of the conventional circular tube (13.55 kN) with the highest reduction reaching 75% 
for specimen Full-diamond-N6 (3.43 kN). This trend was evidently seen in Fig. 5-3(a) and (b), which 
showed the force-displacement curves of axially crushed full-diamond tubes when the circumferential 
units (N1) was fixed at six and seven, respectively. It can be also seen from Fig. 5-3 that the 
fluctuations of full-diamond tubes in the plateau region were much smaller than that of circular tube. 
Figure 5-3(c) showed that both the initial peak force (Pi) and mean crushing force (Pm) rose gradually 
with the increase of circumferential units, N1, when the number of the longitudinal units, N2, was fixed 
at four, five and six. When less circumferential units was used in tube design, the mean crushing force 
of full-diamond tubes was much lower than that of circular tube with the highest reduction of 46% for 
specimen Full-diamond-N6 (N1=5, N2=6). With the increase of N1 to six, one of the full-diamond 
tubes (Full-diamond-N1) achieved a slightly higher mean crushing force (5.44 kN) than the circular 
tube (5.22 kN). Moreover, when the number of circumferential units reached seven (N1=7), all the 
three full-diamond tubes had higher mean crushing force than the circular tube with the largest 
increment of 20% for specimen Full-diamond-N7 (N1=7, N2=4). Unlike the influence of 
circumferential unit N1, increasing longitudinal units (N2) resulted in relatively lower initial peak force 
and mean crushing force, except for the full-diamond tubes with N1=7 (Fig. 5-3(d)). For the 
specimens with N1=7, the mean crushing force slightly reduced when the longitudinal units was less 
than five (N2<5), and then maintained almost constant. It should be noted that although all the full-
diamond tubes showed diamond buckling mode, not all the collapse process was governed by the pre-
folded diamond patterns. Other than full-diamond tubes with N1=5, specimen Full-diamond-N3 (N1=6, 
N2=6) and specimen Full-diamond-N9 (N1=7, N2=6) also strictly followed the pre-designed origami 
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patterns. Figure 5-3(e) showed two typical examples of the buckling process of full-diamond tubes 
with one being predominantly governed by pre-designed origami pattern (Full-diamond-N3, N1=6, 
N2=6), while the other one (Full-diamond-N2, N1=6, N2=5) being not. 
For axially crushed tubes, more plastic folding lines with relatively larger rotation angle could lead to 
higher energy absorption, which could be evidenced by the aforementioned results. More 
representative structural units in the circumferential direction (N1) would create more folding lines 
along with increasing dihedral angle θ between the pre-folded lobes and the horizontal plane. 
Increasing pre-folded lines and dihedral angle could therefore enhance the resistance to axial loads. 
However, more structural units in the longitudinal direction (N2) would significantly reduce the 
dihedral angles (θ) if the length of the tube was fixed, leading to weakened resistance to axial loads. 
The FEM results showed that increasing the circumferential units (N1) led to higher initial peak force 
and mean crushing force, while the longitudinal units (N2) showed an inverse influence. Therefore, 
balanced arrangements of the structural units should be chosen for the design with desired initial peak 
force and mean crushing force. For example, the optimum choice in this study would be Full-
diamond-N6 (N1=5, N2=6) and Full-diamond-N7 (N1=7, N2=4) for balanced initial peak force and 
mean crushing force, respectively. 
Table 5-1. Summary of FEM results with varying numbers of circumferential (N1) and longitudinal (N2) units 
Specimen 
Circumferential 
unit number, 
N1
 
Longitudinal 
unit number, 
N2
 
Wall 
thickness, 
t 
(mm) 
Initial 
peak 
force, 
Pi 
(kN) 
Mean 
crushing 
force, 
Pm 
(kN) 
Collapse 
mode 
Circular-1 - - 0.59 13.55 5.22 Mixed 
Full-diamond-N1 6 4 0.57 7.15 5.44 Diamond 
Full-diamond-N2 6 5 0.56 5.58 4.82 Diamond 
Full-diamond-N3 6 6 0.55 4.98 4.29 Diamond 
Full-diamond-N4 5 4 0.57 5.06 4.47 Diamond 
Full-diamond-N5 5 5 0.54 3.77 3.31 Diamond 
Full-diamond-N6 5 6 0.53 3.43 2.82 Diamond 
Full-diamond-N7 7 4 0.57 8.80 6.24 Diamond 
Full-diamond-N8 7 5 0.57 7.66 5.78 Diamond 
Full-diamond-N9 7 6 0.56 6.44 5.85 Diamond 
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Fig. 5-3. Geometric Finite element modelling results showing the influence of the number of circumferential 
units (N1) and longitudinal units (N2): (a) load-displacement curves when N1=6, (b) load-displacement curves 
when N1=7, (c) the dependence of the initial peak force and the mean crushing force on N1, (d) the dependence 
of the initial peak force and the mean crushing force on N2, (e) von-Mises stress contour of specimen Full-
diamond-N2 (N1=6, N2=5, upper) and specimen Full-diamond-N3 (N1=6, N2=6, lower) in crush. The inserted 
figures in (a) and (b) showed the enlarged view in the earlier stage of crush. 
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To investigate the influence of different pre-designed patterns on the mechanical properties, finite 
element results from our previous study in Chapter 4 on dimpled tubes with identical numbers of 
representative structural units were used to make a comparison with full-diamond tubes. Figure 5-4 
illustrated the dependence of the initial peak force and the mean crushing force of both the two types 
of tubes on the number of circumferential units (N1) when the number of longitudinal units (N2) was 
fixed at different values. For the initial peak force, as shown in Fig. 5-3(a), all the full-diamond tubes 
had relatively lower values than their corresponding dimpled tubes with the highest reduction of 41% 
for specimen Full-diamond-N6 (N1=5, N2=6). For the mean crushing force, increasing circumferential 
units showed different influence on these two types of tubes. With the increase of N1, the mean 
crushing force of dimpled tubes rose firstly and then maintained almost constant (N2=6) or dropped 
slightly (N2=4 and 5). Whereas, the mean crushing force of the full-diamond tubes kept increasing and 
overtook that of the dimpled tubes at N1=7 with the highest increment of 29% for specimen Full-
diamond-N7 (N1=7, N2=4). The results indicated that the energy absorption capacity of full-diamond 
tubes could be better than dimpled ones when the number of structural units is properly designed. In 
this study, the full-diamond tubes showed better performance (lower initial peak force and higher 
mean crushing force) than the dimpled tubes when the number of circumferential units reached seven 
(N1=7). 
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Fig. 5-4. Comparison of FEM results between full-diamond and dimpled tubes with identical circumferential 
units (N1) and longitudinal units (N2): (a) the dependence of initial peak force on N1, (b) the dependence of mean 
crushing force on N1. (Except for the specimen with N1=7 and N2=6, the data for dimpled tubes were cited from 
our previous work in Chapter 4. This specimen was recalculated as its wall thickness, t, changed from 0.57 mm 
to 0.56 mm to guarantee all the models share the same mass.) 
5.2.2 The influence of material properties 
The buckling process of full-diamond tubes shown in Fig. 5-3 was different to the results obtained in 
Chapter 3, which was related to the material properties. To identify the influence of material 
properties on the mechanical response of full diamond origami tubes, we created a new specimen 
(Full-diamond-M2) based on the original tube Full-diamond-1 defined in Chapter 3 by changing the 
material property to the one defined in this study. As shown in Fig. 5-5(a), specimen Full-diamond-1 
used the bilinear material model applied in Chapter 3, while specimen Full-diamond-M2 used the true 
stress-strain curve obtained from uniaxial tensile tests conducted in Chapter 4. The finite element 
modelling results were summarized in Table 5-2. The results showed that the initial peak force (Pi) for 
the two specimens were very similar to each other, which could be also seen in Fig. 5-5(b). The mean 
crushing force of specimen Full-diamond-1 was evidently reduced as compared to specimen Full-
diamond-M2 by 13%. This phenomenon was probably caused by the irregular buckling process of 
Full-diamond-M2 in the middle region during the compression (Fig. 5-5(c)), as buckling mode is of 
significant influence on the energy absorption capacity. The irregular buckling process of specimen 
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Full-diamond-M2 was also reflected in the force-displacement curve. As shown in Fig. 5-5(b), the 
crushing force of specimen Full-diamond-M2 suddenly dropped at the displacement of around 41 
mm, which maintained almost constant right before the densification between 48 and 73 mm, while 
specimen Full-diamond-1 experienced three fluctuations of much higher reaction force during this 
period. Another evident difference between these two specimens was that specimen Full-diamond-1 
showed mixed mode which combined concertina and diamond patterns, while specimen Full-diamon-
M2 had a pure diamond patterns as shown in Fig. 5-5(c). The results indicated that the buckling mode 
of full-diamond tubes was sensitive to the material properties. 
Table 5-2. Summary of FEM results with different material properties 
Specimen N1
 
N2
 
t 
(mm) 
Pi  
(kN) 
Pm  
(kN) 
Collapse 
mode 
Full-diamond-1 8 4 0.83 18.35 14.11 Mixed 
Full-diamond-M2 8 4 0.83 18.97 12.22 Diamond 
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Fig. 5-5. Comparison of FEM results for full diamond origami tube (Full-diamond-1, defined in Chapter 3) with 
different material properties: (a) true stress-strain curves applied in finite element modelling, (b) force-
displacement curves, (c) von-Mises stress contour of Full-diamond-1 (upper) and Full-diamond-M2 (lower). 
The inserted figures in (a) showed the enlarged view in the earlier stage of crush. 
5.2.3 The influence of dynamic effects 
To investigate the dynamic effects on the mechanical response of full-diamond tube, a new specimen 
Full-diamond-N9-dynamicA was created based on Full-diamond-N9 by changing the quasi-static 
material properties to Johnson-Cook material model and subjected to uniaxial dynamic crushing 
loads. Identical modifications were applied on the specimen Circular-1 to obtain the corresponding 
dynamic model (Circular-1-dynamicA). The key FEM results listed in Table 5-3 clearly showed that, 
in dynamic compression tests, the initial peak force of the conventional tube (22.14 kN) was evidently 
reduced by 63.96% as compared to the full-diamond tube (7.98 kN), while the mean crushing force 
was maintained almost constant. The load-displacement curves in Fig. 5-6(a) clearly showed this 
phenomenon. Figure 5-6(a) also showed that, as compared to the static test (Full-diamond-N9), the 
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load-displacement curve of full-diamond tube in dynamic crushing (Full-diamond-N9-dynamicA) 
maintained almost identical trends with an increasing translation for the crushing force, leading to the 
initial peak force and mean crushing force both increased by about 24%. To further investigate the 
sensitivity of structure design to the dynamic effects, another extension of the Full-diamond-N9 was 
created (Full-diamond-N9-dynamicB), in which occasion, only dynamic crushing load was applied to 
the specimen and the material properties kept using the parameters defined in static tests. The results 
showed that the initial peak force and mean crushing force for both two specimens (Full-diamond-N9 
and Full-diamond-N9-dynamicB) obtained almost the same values (Table 5-3), demonstrating the 
full-diamond structure was relatively stable and insensitive to the dynamic effects. This phenomenon 
was also illustrated in Fig. 5-6(a), in which, the load-displacement curve of Full-diamond-N9-
dynamicB nearly coincided with the one obtained by Full-diamond-N9. It can be also seen from the 
load-displacement curves that full-diamond tubes achieved much more smooth and stable curves than 
the conventional tube, which was probably caused by the reason that all the three types of origami 
tubes buckled progressively with the deformation patterns strictly following the pre-folded origami 
patterns in crushing process, as illustrated in Fig. 5-6(b). All these findings in this section indicated 
that the crashworthiness of full-diamond origami tube could be evidently increased in dynamic 
crushing tests as compared to the one in static tests due to the kinetic hardening of raw brass materials; 
the full-diamond structure design itself was relatively stable and insensitive to dynamic effects; and 
full-diamond origami tube could still obtain better performance in the crashworthiness as compared to 
the conventional circular tube in dynamic crushing tests.  
Table 5-3. Summary of FEM results in dynamic crushing tests 
Specimen N1
 
N2
 
t 
(mm) 
Pi  
(kN) 
Pm  
(kN) 
Collapse 
mode 
Circular-1-dynamicA
1
 - - 0.59 22.14 7.03 Mixed 
Full-diamond-N9 7 6 0.56 6.44 5.85 Diamond 
Full-diamond-N9-dynamicA 7 6 0.56 7.98 7.28 Diamond 
Full-diamond-N9-dynamicB
2
 7 6 0.56 6.42 5.90 Diamond 
          1
dynamicA: the numerical model with Johnson-Cook material model under dynamic loadings. 
          2
dynamicB: the numerical model with quasi-static material model under dynamic loadings. 
 
Chapter 5   108 
 
Fig. 5-6. Comparison of FEM results for full diamond origami tube (Full-diamond-N9) with different material 
properties and loading conditions: (a) force-displacement curves, (b) von-Mises stress contour of Full-diamond-
N9 (upper), Full-diamond-N9-dynamicA (middle) and Full-diamond-N9-dynamicB (lower). The inserted 
figures in (a) showed the enlarged view in the earlier stage of crush. 
5.3 Conclusions 
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In this Chapter, the influence of structural arrangement, material properties and dynamic effects on 
novel origami brass tubes with full-diamond patterns was computationally investigated by using finite 
element analysis in comparison to dimpled tube and conventional circular tube. The results showed 
that more structural units in the circumferential direction (N1) could result in higher initial peak force 
and mean crushing force, while increasing number of longitudinal units (N2) could lead to lower 
initial peak force and mean crushing force. As compared to the dimpled tubes, the initial peak force of 
full-diamond tubes with identical arrangement of structural units was relatively lower, while the mean 
crushing force could be higher if the structural units were properly arranged. It was also found that the 
material property had remarkable influence on the energy absorption capacity owing to the sensitivity 
of material constitutive relation on the buckling mode of full-diamond tubes. Furthermore, although 
the full-diamond structure design was insensitive to the dynamic effects, the crashworthiness could 
still be evidently increased in dynamic crushing tests, which was most probably caused by the kinetic 
hardening effects of raw brass. With the structural parameters carefully designed, the full-diamond 
origami tube could obtain better performance than the conventional tube in both static and dynamic 
crushing tests by significantly reducing the initial peak force while maintain a relatively high mean 
crushing force. It should be emphasized that the functions of the design variables are actually coupled 
to each other. When determining the optimal design variables, a number of FEM-based numerical 
simulations should be conducted for an optimal solution. In summary, for pre-designed origami 
patterns, balanced parameters should be chosen in order to achieve the optimum design of tubes with 
lower initial peak force and higher mean crushing force.  
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Multi-objective optimization of multi-cell tubes with origami patterns for energy 
absorption 
The previous three Chapters mainly focused on the applications of origami patterns on conventional 
single-cell circular tubes. As presented in Section 2.3.1, multi-cell tubes could enhance the specific 
energy absorption as compared to conventional circular tubes. The combination of the multi-cell 
feature and origami pattern may bring innovative structural designs for energy absorption. 
Furthermore, direct application of deployable folding patterns would evidently reduce the loading 
resistance of the tube, while the internal ribs in multi-cell tube could work as stiffeners to balance the 
strength. All these factors leaded to the studies in this chapter: multi-cell tubes with origami patterns 
for energy absorption. 
In this chapter, three novel types of multi-cell thin-walled tubular structures with pre-folded diamond 
origami patterns were proposed. The influence of various structural parameters on the mechanical 
properties and energy absorption capacities were systematically investigated via experimentally 
validated numerical simulations. Based on the numerical results, multi-objective optimizations were 
performed on the specially designed tubes by linear weighted average method (Athan and 
Papalambros, 1996), aiming to find the optimal designs with low initial peak force, high specific 
energy absorption and small fluctuation of the crushing force. Response surface method (RSM) was 
utilized in the optimizations to formulate the objective functions. Theoretical analyses were proposed 
based on simplified buckling models and a theoretical solution for the mean crushing force was 
derived. 
6.1 Computational simulation and experimental validation 
6.1.1 Different design approaches 
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Figure 6-1 illustrated the three novel types of tubes composed of quadruple and quintuple cells, i.e., 
origami-patterned quadruple cells (Fig. 6-1(a)), origami-triggered quadruple cells (Fig. 6-1(b)) and 
origami-patterned quintuple cells (Fig. 6-1(c)). The internal rib walls of these tubes were straight and 
flat without origami patterns, while the external walls were predesigned into different shapes. In the 
origami-patterned tube with quadruple cells, the external tube wall was folded in diamond origami 
patterns, similar to a typical buckling mode observed in axial crushing tests of square tubes (Meng et 
al., 1983). The aim for the pre-designed origami patterns is to induce the buckling procedure and 
reduce the fluctuations of crushing force in compression. Generally, the pre-folded origami pattern 
should have smaller wavelength than the theoretical values of conventional multi-cell tubes, i.e., more 
plastic folding lines and more materials being involved in the deformation procedure to increase the 
energy absorption in compression. The origami-triggered quadruple-cell tube was pre-folded with a 
single origami trigger at the top end of the tube external surface, for the purpose of reducing the initial 
peak force. In the origami-patterned quintuple-cell tube, the external surfaces were pre-folded in 
origami patterns similar to quadruple-cell tubes. However, rather than using cross rib walls, an 
additional diamond cell was designed to replace the cross aiming to distribute the load more evenly in 
crush. The origami tubes were designed to have the same height (H) of 100 mm and the same mean 
diameter (D) of 40 mm. To ensure the same mass of all tubes, different values of wall thickness were 
predefined in this study. A series of finite element (FE) simulations were conducted on different types 
of tubes to investigate the influence of the typical geometrical parameters on their mechanical 
response and energy absorption capacity, including the ratio of the internal stiffener wall thickness to 
the surface wall thickness (t2/t1) for the origami-patterned quadruple-cell tube, the height of the pre-
folded pattern (hp) for the origami-triggered quadruple-cell tube, and the diagonal length of the 
diamond cell (ld) for the origami-patterned quintuple-cell tube. The pre-designed folding angle (θ), as 
the key geometrical parameter, was investigated for all the three types of tubes. As the benchmark for 
comparison, conventional quadruple-cell square tube with identical overall size and mass to origami 
tubes was studied by numerical simulation and validated by experiments. 
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Fig. 6-1. Geometric models for (a) origami-patterned quadruple-cell tube, (b) origami-triggered quadruple-cell 
tube, and (c) origami-patterned quintuple-cell tube. 
6.1.2 Finite element modelling (FEM) 
Finite element analysis (FEA) was conducted in Abaqus/Explicit to approximate the quasi-static 
modelling of the crushing tests. In the simulation, tubes were sandwiched between two rigid plates 
with a clearance of 0.5 mm between the upper plate and the top edge of the tube to avoid initial 
penetration. Similar to the work by Hanssen et al. (Hanssen et al., 2002), the upper plate moved 
downward in a gradually increasing speed, finally reaching a velocity of 8 m/s in the axial direction. 
The lower plate was simplified to be a fixed support. All the numerical models were uniformly 
meshed with S4R in Abaqus. The element size was determined as 0.8 mm after mesh sensitivity 
analyses. General contact was defined for all possible contacts of the entire tube with the friction 
coefficient of 0.25. To minimize the hourglass and dynamic effects, the ratios of artificial and kinetic 
energy to internal energy were both restricted by 5%. The final crushed displacement was set as 90 
mm, i.e., 90% of the initial height of specimen. The material properties defined in the modelling used 
the same data applied in Chapter4, which were obtained from uniaxial tensile tests with the mean 
values of the mechanical properties identified as: density, ρ=8,671 kg/m3; Young’s modulus, E=49.51 
GPa; and yield strength, σy=138.62 MPa. 
6.1.3 Validation of FEM 
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To validate the finite element modelling, uniaxial compression tests were performed on two 3D 
printed brass tubes, conventional and origami-patterned quadruple-cell tubes. MTS machine (type 
810) was used in the experiments with the crushing speed setting at 10
-4
 m/s to guarantee the quasi-
static condition, i.e., strain rate 10
-3
 s
-1
. The buckling procedures were captured by a digital camera. 
The measured mean values of geometric dimensions of the 3D printed tubes were slightly different 
with that of the numerical models due to manufacturing accuracy as listed in Table 6-1. It should be 
noted that the wall thickness in the centre part of the specimen could not be accurately measured. 
Therefore, the wall thickness values of numerical models were calibrated by using the measured mass 
and volume for a fair comparison between physical tests and numerical simulations in the model 
validation. 
Table 6-1. Key geometric dimensions of physical and numerical models. 
Specimen 
Height of 
specimen 
H 
(mm)
 
Mean 
width 
D 
(mm)
 
Thickness 
of outside 
wall 
t1 (mm) 
Thickness 
of internal 
stiffener 
t2 (mm) 
Folding 
angle 
θ ( ) 
Mass 
m 
(g) 
Conventional tube 
(quadruple cells) 
Physical 
model 
100 39.57 1.05 0.89 - 176.8 
Numerical 
model 
100 40 1 1 - 201.2 
Origami-tube 
(quadruple cells) 
Physical 
model 
100 39.59 1.11 0.95 78.81 177.1 
Numerical 
model 
100 40 1.08 0.94 77.5 201.2 
 
Figure 6-2 compared the deformation procedures and the load-displacement curves of the finite 
element modelling and experiments on conventional quadruple-cell and origami-patterned quadruple-
cell tubes, respectively. It can be seen from Figs. 6-2(a) and (b) that the overall buckling modes for 
both the two tubes observed in the experiments were similar to those in finite element modelling. For 
conventional tube, the buckling procedure initiated randomly in the middle range of the sample in 
tests with staggered folding patterns, while it started randomly from the top section of the tube with 
synchronised deformation patterns on the same surface in simulation. This slightly different 
deformation procedure was probably because that, unlike the simulations with introduced artificial 
triggers (Zhang and Zhang, 2013, Fang et al., 2015), no imperfection patterns were predefined in the 
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numerical models of this study. The final deformed shapes in experiment and simulation were almost 
identical, both consisting of four folds. The deformation pattern for origami-patterned tube strictly 
followed the pre-folded origami patterns in both the experiments and simulations, both consisting of 
eight folds when fully crushed. The load-displacement curves for the two tubes in numerical 
simulations were very similar to their experimental counterparts (Fig. 6-2(c)). For conventional tube, 
the mean crushing force obtained from FEM (22 kN) was approximately 4.8% smaller than the 
experimental value (23.12 kN), while the mean crushing force of the origami-patterned tube in 
experiments (19.11 kN) was 11.2% lower than the numerical value (21.53 kN). There was a 
difference for the initial peak force of origami-patterned tube between experiments (26.36 kN) and 
numerical simulations (21.12 kN). The reason that caused the difference in origami-patterned tube 
might be due to manufacturing imperfections in 3D printing. It was challenging to accurately fabricate 
the folding angle for thin-walled structures as suggested by the supplier, Shapeways. The 3D printing 
process might also bring randomly distributed materials in certain region of the sample. It can be seen 
from Fig. 6-2(b) that, in the experiments, the sample bent slightly in the middle of the crush, resulting 
in a dropped crushing force as shown in Fig. 6-2(c). Otherwise, the crushing force maintained a 
perfect straight line. Regardless of this difference, the finite element modelling could substantially 
reflect the real case of crush in terms of the buckling mechanisms and force-displacement 
relationship. Thus, the established finite element models were used in the following numerical 
simulations of this study. 
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Fig. 6-2. Comparison of deformation patterns and force-displacement curves between experiments and 
numerical simulations for conventional and origami-patterned quadruple-cell tubes: (a) deformation pattern 
observed in experiment and simulation for the conventional tube, (b) deformation pattern observed in 
experiment and simulation for the origami-patterned tube, and (c) comparison of load-displacement curves 
between experiments and finite element modelling. 
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6.2 Multi-objective optimal design 
Multi-objective optimization was performed on each type of the specially designed multi-cell tubes to 
find their optimal designs with smaller initial peak force (Pi) and lower level of fluctuations in the 
plateau region (ΔP, the difference between the instantaneous crushing force and mean crushing force), 
while maintaining relatively high specific energy absorption (SEA). The mean crushing force Pm, as 
another key parameter representing the mechanical property, was also taken into account. The 
crushing force ratio (Pi/Pm) and the coefficient of fluctuation (ΔP/Pm) were defined as the design 
objectives in the optimization problem, whose ideal values were one and zero, respectively. The 
multi-objective optimization was expressed by the linear weight method to provide different weights 
(ω): 
{
 
 
 
           (   )
  
  
( )     
  
  
( )
                 
   ( )         
  [   ] 
       
 (6-1) 
where, ω represented the linear weight, in a regular interval of 0.05 from zero to one, weighing the 
contribution of the two design objectives, Pi/Pm and ΔP/Pm; f stood for a constant to guarantee that the 
two objectives have the same order of magnitudes, and f=10 was defined in this study after assessing 
the results from numerical simulations; j was a factor indicating the percentage in specific energy 
absorption of optimal designs (SEA) to conventional multi-cell square tubes (SEA⃰); xL=(x
L 
1 , x
L 
2 ,…, x
L 
k ) 
and x
U
=(x
U 
1 , x
U 
2 ,…, x
U 
k ) denotes the lower and upper bounds of k design variables, respectively. 
Although the mean crushing force (Pm) could be estimated by theoretical analyses, the other three 
design parameters (SEA, Pi, ΔP) were hard to be accurately predicted. Therefore, RSM framework 
was introduced to approximate the specific functions for different optimization objectives based on 
various FEM results. The difference between the values predicted by RSM and FEM results were 
measured by the coefficient of determination (R
2
) and root-mean-square error (RMSE): 
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SMS
SRS
12 R  (6-2) 
1
SRS
RMSE


kM
 (6-3) 
where, SRS denoted the sum of response squared errors between the values observed in response 
surface (RS) model and the finite element (FE) model, SMS stood for the sum of mean squared errors 
between the FEM results and their mean values, M denoted the sampling points, and k was the number 
of independent variables in the RS model. Generally, larger values of R
2
 and smaller values of RMSE 
indicated better fitness of RSM approximations. 
6.2.1 Optimization of the origami-patterned quadruple-cell tube 
For origami-patterned quadruple-cell tubes, the influence of the wall thickness ratio (t2/t1) and the pre-
folded folding angle (θ) was systematically investigated by applying five design points for each 
parameter, resulting in 25 FE models. The key FEM results for each specimen were listed in Table 6-2. 
Based on the 25 sampling points, the 4
th
-order functions of specific energy absorption (SEA), 
crushing force ratio (Pi/Pm) and coefficient of fluctuation (ΔP/Pm) were established by using response 
surface method (Eq. (6-4)-Eq. (6-5)). The values of coefficient of determination (R
2
) and root-mean-
square error (RMSE) for the three optimization objectives were obtained as [0.96, 0.31], [0.97, 0.009] 
and [0.97, 0.004], respectively, indicating good fitness of the RS models to the FEM results. The 
sufficient approximations were also reflected by the response surfaces as shown in Fig. 6-3, in which 
25 sampling points were distributed slightly above or below the smooth response surfaces. It should 
be noted that most of the finite element models buckled in diamond mode in crush with the 
deformation procedure precisely following the pre-folded origami patterns. 
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Table 6-2. Summary of FEM results for the origami-patterned quadruple-cell tubes with different wall thickness 
ratios (t2/t1) and folding angles (θ). 
       
1
OP: origami-patterned quadruple-cell tube. 
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Specimen 
Wall 
thickness 
ratio, 
t2/t1 
Folding 
angle, 
θ 
(˚) 
Initial peak 
force, 
Pi 
(kN) 
Mean 
crushing 
force, 
Pm 
(kN) 
Specific 
energy 
absorption, 
SEA 
(kJ/kg) 
Standard 
deviation, 
ΔP 
(kN) 
Conventional 
tube 
1 - 46.28 28.39 10.42 4.77 
OP-A1 0.7 70 20.89 19.17 5.66 1.54 
OP-A2 0.7 72.5 22.78 20.39 5.81 1.98 
OP-A3 0.7 75 24.98 21.61 5.60 2.60 
OP-A4 0.7 77.5 27.43 22.76 5.68 2.91 
OP-A5 0.7 80 30.40 23.77 5.42 3.38 
OP-B1 0.85 70 23.93 20.98 7.26 1.36 
OP-B2 0.85 72.5 25.65 22.15 7.67 1.73 
OP-B3 0.85 75 27.91 23.63 8.10 1.91 
OP-B4 0.85 77.5 30.07 25.35 8.42 2.34 
OP-B5 0.85 80 32.78 25.51 6.61 3.19 
OP-C1 1 70 26.77 22.17 7.52 1.46 
OP-C2 1 72.5 28.46 23.65 7.22 1.69 
OP-C3 1 75 30.61 24.95 8.29 1.81 
OP-C4 1 77.5 32.55 26.57 9.47 2.07 
OP-C5 1 80 34.91 28.21 8.51 2.39 
OP-D1 1.15 70 29.48 23.57 8.49 1.61 
OP-D2 1.15 72.5 31.17 24.97 7.54 1.86 
OP-D3 1.15 75 33.08 26.27 8.73 1.87 
OP-D4 1.15 77.5 34.87 27.58 9.93 2.13 
OP-D5 1.15 80 37.20 29.33 9.95 2.29 
OP-E1 1.3 70 32.15 25.35 9.13 1.81 
OP-E2 1.3 72.5 33.94 26.41 9.05 2.01 
OP-E3 1.3 75 35.60 27.75 9.51 2.11 
OP-E4 1.3 77.5 37.33 29.24 10.02 2.25 
OP-E5 1.3 80 39.40 30.36 11.04 2.43 
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The response surfaces illustrated in Fig. 6-3 showed that the folding angle (θ) and wall thickness ratio 
(t2/t1) had different influence on tube properties. The RS showed that less serious folds (larger θ, 
closer to flat plates) could result in increased crushing force ratio (Pi/Pm) and larger coefficient of 
fluctuation (ΔP/Pm) when the rib wall thickness was smaller than origami wall thickness, t2/t1<1. It 
may also lead to higher specific energy absorption (SEA), when t2/t1 approaching one and beyond. 
However, thicker rib walls (larger t2/t1) would result in higher SEA and greater Pi/Pm, while the 
coefficient of fluctuation dropped when t2/t1<1 and maintained almost constant when t2/t1>1. To 
obtain high-performance designs of origami-patterned quadruple-cell tubes, balanced design 
parameters should be selected as reduced crushing force ratio may be accompanied by smaller SEA 
and larger coefficient of fluctuation. It should be also noted that most origami-patterned quadruple-
cell designs showed significantly lower values of ΔP/Pm (around 0.08) than the conventional tube 
(0.17) as shown in Fig. 6-3(c), owing to the evident influence of the pre-folded origami patterns. 
 
Fig. 6-3. The quadratic response surfaces of the FEM results for origami-patterned quadruple-cell tubes showing 
the influences of the thickness ratio (t2/t1) and the folding angle (θ): (a) SEA response surface, (b) the crushing 
force ratio (Pi/Pm) response surface, and (c) the coefficient of fluctuation (ΔP/Pm) response surface. 
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With the quadratic approximation formulae of SEA, Pi/Pm and ΔP/Pm obtained from RSM, the 
nonlinearly constrained multi-objective optimization problem for the origami-patterned quadruple-cell 
tube could be defined as: 
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By using different values of ω and j in Eq. (6-7), five series of Pareto sets with different SEA 
constraints were obtained and plotted in Fig. 6-4. Each Pareto point in Fig. 6-4 represented an optimal 
solution abide by the optimization criterion, showing a broad range of choices satisfying different 
design requirements. The Pareto frontier showed that, when the linear weight ω was relatively small, 
i.e., the crushing force ratio (Pi/Pm) had a higher weight, substantially lower values of Pi/Pm could be 
achieved, while the values of the coefficient of fluctuation (ΔP/Pm) could be much higher with 
satisfactory SEA reduction constraints. On the same Pareto frontier, the equal weight of the two 
optimization objectives (weight ω increasing to around 0.5) would lead to a solution with mild Pi/Pm 
and ΔP/Pm. On the other hand, coefficient j mainly reflected the constraints of reduced SEA in the 
optimization procedure. Increasing the value of j resulted in smaller range of Pareto frontier shifting 
to upright corner in Fig. 6-4, indicating higher crushing force ratio and larger coefficient of fluctuation 
as the tubes approaching conventional forms with flat surfaces. The convex curves of Pareto frontiers 
in Fig. 6-4 also showed the effectiveness of using the nonlinear weight method for the multi-objective 
optimization. 
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Fig. 6-4. Pareto frontiers obtained by multi-objective optimization by using a linear weight for origami-
patterned quadruple-cell tubes under different SEA reduction constraints. 
6.2.2 Optimization on the origami-triggered quadruple-cell tube 
Similar to algorithm of optimizing origami-patterned tubes, two parameters, the height of the pre-
folded pattern (hp) and the folding angle (θ), were optimized for origami-triggered quadruple-cell 
tubes. The key results for each of the 25 FE models were listed in Table 6-3. All the models were 
observed to buckle in diamond mode with the buckling procedure precisely following the pre-folded 
origami trigger in the initial stage of the compression. The full quartic polynomial functions for the 
design criteria (SEA, Pi/Pm, ΔP/Pm) were achieved by RSM and presented in Eqs. (6-8), (6-9) and (6-
10). The approximation surfaces illustrated in Fig. 6-5 showed that smooth response surfaces with 
stable trends were obtained by setting different optimization objectives except for RS of ΔP/Pm, which 
showed slight variation near the edge. The values of coefficient of determination (R
2
) and root-mean-
square error (RMSE) for the three different design objectives SEA, Pi/Pm and ΔP/Pm were obtained as 
[0.97, 0.073], [0.99, 0.016] and [0.88, 0.01], respectively. The response surfaces in Fig. 6-5 showed 
that remarkably reduced crushing force ratio (Pi/Pm) could be achieved with the reduction of folding 
angle θ, while the influence of folding angle on SEA was not significant. On the other hand, 
increasing the height of the pre-folded pattern (larger hp) might result in lower values of SEA and 
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larger ΔP/Pm, while the values of Pi/Pm reduced slightly when hp<10 mm and then remained almost 
stable when hp≥10 mm. Furthermore, the origami-triggered tube could obtain its ideal Pi/Pm value of 
one when θ≈70° in contrast to the conventional tube with Pi/Pm =1.63. 
Table 6-3. Summary of FEM results for the origami-triggered quadruple-cell tubes with different pre-folded 
pattern height (hp) and folding angle (θ). 
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Specimen 
Pre-folded 
pattern 
height, 
hp 
(mm) 
Folding 
angle, 
θ 
(˚) 
Initial peak 
force, 
Pi 
(kN) 
Mean 
crushing 
force, 
Pm  
(kN) 
Specific 
energy 
absorption, 
SEA 
(kJ/kg) 
Standard 
deviation, 
ΔP 
(kN) 
Conventional 
tube 
- - 46.28 28.39 10.42 4.77 
OT
1
-A1 25 65 24.79 25.36 9.13 4.64 
OT-A2 25 70 27.32 25.24 9.27 3.92 
OT-A3 25 75 30.53 24.67 8.97 2.97 
OT-A4 25 80 34.60 25.27 9.10 4.35 
OT-A5 25 85 38.54 27.19 9.60 3.73 
OT-B1 20 65 24.87 24.68 8.97 3.84 
OT-B2 20 70 27.16 25.27 9.10 3.52 
OT-B3 20 75 30.65 26.03 9.28 3.11 
OT-B4 20 80 34.78 26.35 9.49 3.07 
OT-B5 20 85 37.87 26.72 9.71 3.37 
OT-C1 15 65 25.02 25.24 9.09 3.74 
OT-C2 15 70 27.49 25.80 9.29 3.32 
OT-C3 15 75 30.53 26.34 9.58 2.96 
OT-C4 15 80 33.84 26.61 9.58 2.88 
OT-C5 15 85 37.99 27.00 9.72 3.24 
OT-D1 10 65 26.18 26.84 9.66 2.52 
OT-D2 10 70 28.62 27.26 9.81 2.38 
OT-D3 10 75 32.30 26.78 9.55 2.54 
OT-D4 10 80 35.19 27.48 9.80 2.59 
OT-D5 10 85 39.53 27.72 9.98 3.27 
OT-E1 5 65 34.57 28.11 10.12 2.09 
OT-E2 5 70 35.37 28.69 10.13 2.61 
OT-E3 5 75 38.52 28.12 9.83 3.96 
OT-E4 5 80 41.47 27.83 9.83 4.40 
OT-E5 5 85 43.33 28.55 10.28 3.90 
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Fig. 6-5. The quadratic response surfaces of the FEM results for origami-triggered quadruple-cell tubes showing 
the influences of the height of the pre-folded origami pattern (hp) and the folding angle (θ): (a) SEA response 
surface, (b) the crushing force ratio (Pi/Pm) response surface, and (c) the coefficient of fluctuation (ΔP/Pm) 
response surface. 
After obtaining the 4
th
-order functions for the design criteria (SEA, Pi/Pm, ΔP/Pm), the SEA 
constrained multi-objective optimization on origami-triggered tube used the same theory defined on 
origami-patterned quadruple-cell tube: 
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(6-11) 
Figure 6-6 showed the Pareto sets with different SEA constraints for the origami-triggered quadruple-
cell tubes. It can be clearly seen that some Pareto points overlapped when Pi/Pm was changing from 
around 1.05 to 1.13 and the SEA constraint k was 94%, 95% and 96%. Actually, these overlapped 
solutions belonged to different Pareto frontiers, which achieved larger values of SEA than the 
designated values defined by the constraints in each Pareto frontier. For example, the Pareto points 
with Pi/Pm=1.123 and ΔP/Pm=0.065 were overlapped optimal solutions. These three points had a SEA 
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value of 10.07 kJ, approximately 3.4% lower than that of the conventional tube, which was not the 
value defined in the SEA constraints of 6%, 5% or 4%. In Eq. (6-11), when the objective ‘F’ reached 
its minimum value, higher reduction constraint of SEA than the defined one would still be regard as 
an optimal solution. Moreover, as plotted in Fig. 6-6 as the hollow diamond symbol, the largest 
achievable value of SEA in optimization of origami-triggered tubes was only 2.18% smaller than that 
of the conventional tube. 
 
Fig. 6-6. The Pareto frontiers obtained by multi-objective optimization by using a linear weight for origami-
triggered quadruple-cell tubes under different SEA reduction constraints 
6.2.3 Optimization on the origami-patterned tube with quintuple cells 
For the origami-patterned quintuple-cell tube, the diagonal length of the middle square (ld) and the 
folding angle (θ) were systematically investigated in the finite element modelling. The key results 
obtained from the finite element modelling were listed in Table 6-4. The coefficient of determination 
(R
2
) and root-mean-square error (RMSE) for the three design criteria (SEA, Pi/Pm and ΔP/Pm) were 
obtained as [0.99, 0.09], [0.94, 0.004] and [0.91, 0.002], respectively, with their full quartic equations 
presented in Eqs. (6-12), (6-13) and (6-14). The finite element modelling showed that the buckling 
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procedure of the external tube walls was governed by the pre-folded origami patterns, while the 
internal rib walls buckled symmetrically. Figure 6-7 illustrated the response surfaces of the origami-
patterned quintuple-cell tube. Unlike the stable surfaces obtained in the previous two types of 
quadruple-cell tubes, the RS of the quintuple-cell origami tube showed some fluctuations on the 
design objectives Pi/Pm (Fig. 6-7(b)) and ΔP/Pm (Fig. 6-7(c)) in certain regions. However, as 
compared to the quadruple-cell tubes, the changes in the values of Pi/Pm and ΔP/Pm were substantially 
small, which were statistically insignificant. The magnitude of Pi/Pm ranged from 1.168 to 1.211 for 
quintuple-cell tubes in comparison to that from 1.090 to 1.298 for quadruple-cell tubes. The 
magnitude of ΔP/Pm was even smaller, ranging from 0.052 to 0.076. These results indicated that the 
mechanical properties of the quintuple-cell origami tubes were relatively stable as compared to 
quadruple-cell tubes. However, enlarged views in relatively small windows were presented in Fig. 6-7 
to show the details of how design parameters influenced the mechanical properties. The RS in Fig. 6-7 
showed that larger folding angle (θ) would lead to gradually increased SEA, as well as unfavourably 
more violent fluctuation of the crushing force (larger ΔP/Pm), while the influence on the crushing 
force ratio (Pi/Pm) was relatively small. The diagonal length of the central diamond cell (ld) mainly 
affected Pi/Pm and ΔP/Pm. Generally, larger diagonal length could result in larger values of ΔP/Pm and 
Pi/Pm in the studied range, except the case when ld>18 mm, in which Pi/Pm slightly dropped with the 
actual reduction of 2.9%.  
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Table 6-4. Summary of FEM results for the origami-patterned quintuple-cell tubes with different diagonal length 
(ld) and folding angle (θ). 
      
1
OP-Q: origami-patterned quintuple-cell tube. 
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Specimen 
Diagonal 
length, 
ld 
(mm) 
Folding 
angle, 
θ 
(˚) 
Initial peak 
force, 
Pi 
(kN) 
Mean 
crushing 
force, 
Pm  
(kN) 
Specific 
energy 
absorption, 
SEA 
(kJ/kg) 
Standard 
deviation, 
ΔP 
(kN) 
Conventional 
tube 
- - 46.28 28.39 10.42 4.77 
OP-QA1
1
 12 70 35.56 29.94 10.78 1.54 
OP-QA2 12 72.5 37.13 31.24 11.80 1.90 
OP-QA3 12 75 38.51 32.39 12.00 1.89 
OP-QA4 12 77.5 40.01 34.18 12.31 1.94 
OP-QA5 12 80 41.29 35.34 13.22 2.33 
OP-QB1 14 70 36.33 29.85 11.17 1.70 
OP-QB2 14 72.5 37.47 31.31 11.60 1.94 
OP-QB3 14 75 39.15 32.68 12.23 1.83 
OP-QB4 14 77.5 41.04 34.07 12.86 2.14 
OP-QB5 14 80 42.41 34.96 13.20 2.18 
OP-QC1 16 70 36.85 30.35 11.14 1.98 
OP-QC2 16 72.5 38.25 31.61 11.83 1.96 
OP-QC3 16 75 39.84 32.99 12.34 2.17 
OP-QC4 16 77.5 41.43 34.07 12.75 2.25 
OP-QC5 16 80 43.10 35.46 13.27 2.27 
OP-QD1 18 70 36.28 29.55 10.64 2.01 
OP-QD2 18 72.5 37.57 30.61 11.45 1.98 
OP-QD3 18 75 39.07 31.99 11.97 2.16 
OP-QD4 18 77.5 40.72 33.30 12.46 2.18 
OP-QD5 18 80 42.71 34.65 12.96 2.56 
OP-QE1 20 70 35.02 29.36 10.98 2.21 
OP-QE2 20 72.5 36.39 29.98 11.32 2.06 
OP-QE3 20 75 38.13 31.75 11.88 2.35 
OP-QE4 20 77.5 39.63 32.78 12.26 2.48 
OP-QE5 20 80 41.42 34.20 12.91 2.49 
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Fig. 6-7. The quadratic response surfaces of the FEM results for origami-patterned quintuple-cell tubes showing 
the influences of the diagonal length of the middle diamond cell (ld) and the folding angle (θ): (a) SEA response 
surface, (b) the crushing force ratio (Pi/Pm) response surface, and (c) the coefficient of fluctuation (ΔP/Pm) 
response surface. 
The SEA constrained multi-objective optimization of origami-patterned quintuple-cell tube could be 
defined as: 
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The Pareto frontiers under different SEA constraints for origami-patterned quintuple-cell tubes were 
plotted in Fig. 6-8, which showed that the SEA of quintuple-cell tubes were evidently increased as 
compared to that of the conventional quadruple-cell square tube. It also showed that some Pareto 
points on different Pareto fronts overlapped when the SEA constraint j was 1.2, 1.225 and 1.25 and 
the weight ω was less than 0.1 (Pi/Pm took the dominant share). It should be emphasised that the range 
of the optimization objective values was relatively small, such as the optimal solutions for the ΔP/Pm 
changed in a very small range from 0.057 to 0.066. Furthermore, as compared to the conventional 
tube, the largest increment of SEA (27.88%) was achieved by the Pareto point with Pi/Pm=1.22 and 
ΔP/Pm=0.066, which was presented as the hollow diamond symbol in the upright corner of Fig. 6-8. 
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Fig. 6-8. The Pareto frontiers obtained by multi-objective optimization by using a linear weight for origami-
patterned quintuple-cell tubes under different SEA reduction constraints. 
6.2.4 Validation and comparison of the optimal designs 
Table 6-5 listed the key results of the optimal designs for different types of multi-cell origami tubes 
with the largest values of SEA. The optimal parameters obtained in models were used to construct FE 
models for numerical tests. The results showed that the RS predictions agreed very well with the FEM 
results since the largest difference of 6% occurred on the coefficient of fluctuation (ΔP/Pm) of the 
origami-patterned quadruple-cell tube was within the error margin. The FEM also showed that, as 
compared to the conventional tube, both the two optimal quadruple-cell origami tubes had relatively 
higher values of SEA, while significant increase (27.55%) in SEA was found for the origami-
patterned quintuple-cell tube. In regard to the crushing force ratio (Pi/Pm), all the three types of 
origami tube showed significantly reduced values with the largest reduction occurred on the optimal 
origami-triggered tube (27.55%). This trend was evidently illustrated in Fig. 6-9, which showed that 
the initial peak force of the origami-triggered tube was significantly lower than the other types of 
tubes. The coefficient of fluctuation (ΔP/Pm) for the origami tubes also decreased significantly as 
compared to the conventional tube with the reduction ranging from 49.41% for the origami-triggered 
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tube to 61.31% for the origami-patterned quintuple-cell tube. Furthermore, it can be seen from Fig. 6-
9 that although the quintuple-cell origami tube had higher initial peak force, the plateau force was also 
significantly higher than that of the other two types of origami tubes, accompanied by the smallest 
fluctuations in the plateau region. 
As compared to reported conventional multi-cell square tubes, origami-patterned tubes in this study 
showed balanced performance. For example, the work done by Nia et al. (Nia and Parsapour, 2013) 
introduced multiple cells to conventional square tubes and observed increased SEA. However, the 
reduction on the crushing force ratio (Pi/Pm) was not significant in comparison to the balanced values 
of this study. With the section profile changed from 2×2 to 4×4 equal cells, the values of Pi/Pm 
reduced from 2.13 to 1.68 in Nia et al.’s work (Nia and Parsapour, 2013), which was significantly 
higher than the proposed origami-patterned tubes in the present study with the values ranging from 
1.18 to 1.3. 
In summary, as compared to the conventional quadruple-cell square tube, all the optimal origami 
tubes in this study can considerably reduce the initial peak force and the fluctuations of the crushing 
force, while maintain (quadruple-cell origami tubes) or enhance (quintuple-cell origami tube) the 
specific energy absorption. The origami-patterned tube mainly reduced the magnitude and the 
fluctuations of the crushing force, while the origami-triggered tube mainly affected the initial peak 
force. With the increase of the structural cells, the energy absorption capacity for the origami-
patterned tube could be evidently enhanced with lower crushing force ratio (Pi/Pm) and coefficient of 
fluctuation (ΔP/Pm) than conventional tubes of the same mass. 
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Table 6-5. Summary of optimal results with the largest SEA obtained by the response surface method and finite 
element modelling. 
Specimen SEA(kJ/kg)
 
Pi/Pm
 ΔP/Pm 
Conventional model 10.421 1.630 0.168 
Origami-patterned 
(quadruple cells) 
RS model 10.953 1.288 0.079 
FE model 10.262 1.300 0.074 
Origami-triggered 
(quadruple cells) 
RS model 10.194 1.210 0.081 
FE model 10.152 1.181 0.085 
Origami-patterned 
(quintuple cells) 
RS model 13.327 1.218 0.066 
FE model 13.292 1.251 0.065 
 
Fig. 6-9. Force-displacement curves of conventional quadruple-cell square tube and the optimal designs of 
multi-cell origami tubes. 
6.3 Theoretical analysis 
In this section, only the origami-patterned quadruple-cell tube was considered to investigate the 
influence of origami pattern on the mean crushing force. The theoretical solutions for the other two 
types of multi-cell origami tubes could be obtained through similar derivations. For the collapse of a 
metallic tube, considering the system equilibrium, the energy created by the external work in 
compression would be dissipated by plastic bending and membrane deformation: 
mbm EEHP   (6-16) 
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where, H was the length of the tube, and Pm denoted the mean crushing load in the plateau region, Eb 
and Em represented the energy absorbed in bending and membrane deformation, respectively, λ was 
the percentage of effective crushing displacement, which was 70-75% of the tube height (Wierzbicki 
and Abramowicz, 1983, Wierzbicki and Abramowicz, 1989). The value of λ was taken as 71%, 
averaged from the numerical simulation values in this study. 
A simplified folding procedure proposed by Chen and Wierzbicki (Chen and Wierzbicki, 2001) was 
used in this study, in which a basic folding element was combined with stationary hinge lines and 
extensional (or compressional) triangular elements, representing the bending and membrane 
deformation, respectively. To analyse the energy absorbed during the crush, the quadruple-cell cross 
section was divided into three basic components: the corner part, the T-shape part and the crisscross 
part (Fig. 6-10). The wall thickness, t1 for the external tube wall and t2 for the internal crossing rib 
walls, was assumed to be constant over the cross sections; and a denoted the width of a single cell. 
The energy absorption in bending and membrane deformation was separately discussed in the 
following. 
 
Fig. 6-10. Sketch of the typical three parts for origami-patterned quadruple-cell square tube. 
6.3.1 The energy dissipated in bending 
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The bending energy was supposed to be absorbed by the hinge lines on the flanges during 
compression, as illustrated in Fig. 6-11. The total bending energy dissipation could be calculated by 
summing up the energy absorbed in the three basic parts. 
Figure 6-11(a) showed the three stationary hinge lines (bold lines) on the flange of the corner part 
with the rotation angles of θ, 2θ and θ, respectively. It was assumed that the flange was completely 
flattened after deformation. Thus, the bending energy for the corner part could be obtained as: 
11 8aMEb   (6-17) 
where, M1=1/4σt1
2
 was the plastic bending moment of the external flange plate.  
For the T-shape part (Fig. 6-11(b)), since there was no pre-designed angle on the stiffener ribs, the 
rotation angle, θˈ, would change from π/2 to 0 in the crush. The bending energy dissipated by the 
hinge lines can be evaluated as: 
22 aMEb   (6-18) 
where, M2=1/4σt2
2
 was the plastic bending moment of the internal crossing stiffener ribs. 
In the crisscross part, there were four stiffener plates and the bending procedure was identical to the 
stiffener rib of the T-shape part, thus the bending energy would be four times of the T-shape part: 
23 4 aMEb   (6-19) 
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Fig. 6-11. Sketch of simplified bending procedure of different flanges: (a) fold hinge lines for the corner part, 
and (b) fold hinge lines for the T-shape and crisscross parts. 
6.3.2 The energy dissipated in membrane deformation 
Figure 6-12 illustrated the side and top views of three basic components in the buckled quadruple-cell 
tube obtained from finite element modelling. Evidently, the collapse mode of the corner part was 
predominantly governed by the pre-designed origami patterns (Fig. 6-12(a)). Therefore, the half-
wavelength (h1) of the corner part was initially pre-determined by the specified angle (θ). The top 
view of Fig. 6-12(a) also showed that the tangent line to the ‘crushed corner’ formed an angle of 45º 
with the neighbouring flange. The collapse mode of the T-shape part was a slightly complicated. As 
shown in Fig. 6-12(b), the end of the T-shape part had the similar deformation pattern to the corner 
part with the wavelength of 2h1, while the width of the folding flange was 2h2. This difference was 
supposed to be the result of the direct influence of the origami patterns pre-designed on the external 
tube surface. For the crisscross part, only extensional feature was observed in the crush (Fig. 6-12(c)). 
The top view of the collapse mode showed that the neighbouring flanges were folded in an identical 
angle of 45º to the centreline. The folding wavelength of the crisscross part was 2h2. 
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Fig. 6-12. The side and top views of the collapsed basic parts in finite element modelling: (a) the corner part, (b) 
the T-shape part, and (c) the crisscross part. 
The energy dissipated by the plastic deformation of membrane in a single fold (one wavelength) could 
be evaluated for the three different parts. For the corner part, a complete fold consisted of two types of 
membrane elements with one in extension (Fig. 6-13(a) upper) and the other in compression (Fig. 6-
13(a) lower). The membrane energy of each element was mainly attributed to the developed 
extensional (upward diagonal pattern) and compressional (vertical pattern) areas. The energy 
dissipated by membrane deformation of the corner part in a single wavelength folding could be 
calculated by integrating the energy absorbed in the entire membrane areas, s, which read 
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where, σm was the mean stress in the strain range 0≤ε≤εu; and εu was the ultimate strain for the 
material, which was calculated by the energy efficiency method (Xu et al., 2012) based on the 
engineering stress-strain curves obtained from uniaxial tensile tests on brass dog-bone specimens 
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established in Chapter 4. 
Similarly, Fig. 6-13(b) showed the membrane elements in extension and compression for the T-shape 
part with the length and width of the flange plate being a/2 and 2h1, respectively. The energy 
dissipated by membrane deformation of the T-shape part in one full fold could be calculated by 
    cot12cot1
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For the crisscross part, only the extension should be considered as the deformation patterns observed 
in experiments and simulations showed that no squeeze occurred between the neighbouring stiffeners 
in the cross. The simplified folding mode for this part was shown in the upper graph of Fig. 6-13(c), 
in which the bold lines indicated the undeformed sections. The area enclosed by dashed lines in the 
centre region approximated the membrane area, which was illustrated by the extensional elements 
shown in the lower graph. The energy dissipated by membrane deformation of the crisscross part in 
one full fold could be obtained by 
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Fig. 6-13. Simplified membrane folding patterns for the three basic parts in extension and compression: (a) 
membrane element in extension (upper) and compression (lower) for the corner part, (b) membrane element in 
extension (upper) and compression (lower) for the T-shape part, and (c) simplified folding mode (upper) and 
membrane element in extension (lower) for the crisscross part. 
6.3.3 The mean crushing force 
The total energy absorbed in the bending and membrane deformation could be evaluated by summing 
up the energy absorbed by all the three parts, in which the energy of each part should be multiplied by 
its corresponding number shown in cross-sectional shapes: 
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(6-25) 
where, Nc=4, Nt=4 and Ns=1 denoted the number of the corner part, T-shape part and crisscross part of 
the quadruple-cell section in this study, respectively. 
Substituting Eqs. (6-24) and (6-25) into Eq. (6-16), the expression of the mean crushing force (Pm) 
could be rewritten as:  
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As observed in experiments and simulation, the origami tubes would buckle strictly following the 
predesigned origami patterns. Thus the half wavelength of the external walls (h1) could be obtained by 
counting the number of predesigned folds. The half wavelength of the internal crossing ribs (h2) could 
be determined by the stationary condition of the mean crushing force ∂Pm/∂h2=0: 
2
2
2
at
h   (6-27) 
Substituting Eq. (6-27) to Eq. (6-26) lead to the final expression of the mean crushing force of the 
quadruple-cell origami-patterned tubes: 
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Therefore, theoretical predictions of the mean crushing force for the origami-patterned quadruple-cell 
tubes could be obtained by applying the key design parameters in Eq. (6-28). As an average of the 
numerical results, the value of λ was taken as 71%. Figure 6-14 plotted the response surfaces of the 
FEM results and the theoretical predictions. It showed that the theoretical prediction of the mean 
crushing force (Pm) was slightly smaller than FEM value when the thickness ratio (t2/t1) 
approximately ranged from 0.7 to 1, while it became larger than FEM value as t2/t1>1. The largest 
distinction was about 17% when t2/t1=1.3 and θ=80°. Therefore, it is believed that Eq. (6-28) reliably 
defined the mechanical properties of the origami-patterned quadruple-cell tubes. 
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Fig. 6-14. The quadratic response surfaces of the mean crushing force (Pm) obtained from FEM results and 
theoretical calculations for the origami-patterned quadruple-cell tube, showing the influence of the thickness 
ratio (t2/t1) and the folding angle (θ). 
6.4 Conclusions 
In this chapter, three novel types of multi-cell tubes with pre-folded origami patterns on the tube 
surface were proposed. The influence of different design parameters on the energy absorption 
capacities was systematically investigated by experimentally validated finite element modelling. 
Multi-objective optimization was performed on the different types of multi-cell origami tubes to 
simultaneously minimize the values of crushing force ratio (Pi/Pm) and the coefficient of fluctuation 
(ΔP/Pm). The specific energy absorption (SEA) was set as a constraint in the optimization problem. A 
series of optimal solutions were obtained and presented in convex curves representing Pareto 
frontiers. The results from quasi-static crushing tests on 3D-printed brass tubes showed good 
agreement with those from finite element modelling. A theoretical analysis on the mean crushing 
force of origami-patterned quadruple-cell tube was carried out based on the simplified folding 
procedure proposed by Chen and Wierzbicki (Chen and Wierzbicki, 2001). The theoretical 
predictions showed good agreement with FE results. 
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The response surface method (RSM) was used to approximate the polynomial functions for the three 
optimization objectives (SEA, Pi/Pm, ΔP/Pm), which showed good agreement with the FE results. The 
influence of different design parameters on the three objectives could be clearly seen from the 
corresponding response surfaces for different types of tube. For the origami-patterned quadruple-cell 
tube, larger values of rib/surface wall thickness ratio (t2/t1) resulted in increased SEA, as well as 
unfavourably increased crushing force ratio (Pi/Pm), while the folding angle (θ) mainly affected the 
SEA. However, the folding angle (θ) contributed to the crushing force ratio (Pi/Pm) for origami-
triggered tubes, the larger folding angle the larger values of Pi/Pm. Meanwhile, reducing the height of 
pre-folded trigger (hp) could substantially increase the SEA and reduce the coefficient of fluctuation 
(ΔP/Pm). For the origami-patterned quintuple-cell tube, a larger folding angle (θ) may lead to a higher 
SEA, and may also increase the coefficient of fluctuation (ΔP/Pm). However, reducing the diagonal 
length of the central diamond cell (ld) could overcome this negative effect as it would decrease the 
values of ΔP/Pm and Pi/Pm without significantly affecting the SEA. 
Based on the optimal solutions obtained from the multi-objective optimization, it can be found that 
origami-patterned and origami-triggered quadruple-cell tubes could maintain a relatively high SEA as 
compared to the conventional quadruple-cell square tube, while the origami-patterned quintuple-cell 
tubes have the highest values. Moreover, the quintuple-cell origami tube could achieve the largest 
reduction in the coefficient of fluctuation (ΔP/Pm) among the studied tube designs. For the quadruple-
cell origami tubes, the origami-patterned tube showed better performance in reducing the magnitude 
of fluctuations of the crushing force, while origami-triggered tubes could achieve significant reduction 
in the initial peak force. In summary, properly designed origami tubes could evidently reduce the 
crushing force ratio (Pi/Pm) and coefficient of fluctuation (ΔP/Pm), while maintain or enhance the 
energy absorption capacity as compared to conventional tubes.  
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Numerical and experimental studies on the impact response of multi-cell tubes 
with origami patterns 
In this chapter, the mechanical response of the multi-cell origami tubes proposed in the Chapter 6 was 
numerically and experimentally investigated under dynamic crushing loads. The influence of the 
structural parameters of origami-patterned quadruple-cell tube on the mechanical response and energy 
absorption properties was systematically investigated via experimentally validated numerical 
simulations. Based on the numerical results, multi-objective optimizations were performed on the 
origami-patterned quadruple-cell tube, and achieved a series of optimal designs, which were 
compared to the optimal solutions obtained in static crushing tests. The optimal designs with the 
largest specific energy absorption (SEA) for origami-triggered quadruple-cell tube and origami-
patterned quintuple-cell tube were cited from Chapter 6, and imposed to the identical impact loadings 
that applied on the origami-patterned quadruple-cell tube to investigate the influence of dynamic 
effects on their mechanical response. 
7.1 Computational simulation and experimental validation 
7.1.1 Finite element modelling (FEM) 
Finite element modelling (FEM) was conducted in Abaqus/Explicit to simulate the dynamic uniaxial 
crushing tests. In the simulation, the tube was sandwiched between two rigid plates, and a small 
clearance of 0.5 mm was left between the upper plate and the top edge of the tube to avoid initial 
penetration. The lower plate was fixed in all directions, while the upper plate could only move in the 
vertical direction. General contact was defined for all possible contacts for the entire numerical model 
with a friction defined as 0.25. An initial velocity of 7.6 m/s was applied to the upper rigid plate to 
approximate the initial condition of a dropped weight from a height of 3 m in experiments. A force of 
125.77 kN was exerted on the upper plate with an acceleration of 9.8 m/s
2
 during the crushing process, 
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aiming to approximate the gravity of the dropping mass in crushing. Based on the mesh sensitivity 
analyses, the models were uniformly meshed with the element size as small as 0.8 mm in S4R. The 
basic material properties defined in finite element modelling used the same data that presented in 
Chapter 4, which were obtained from uniaxial tensile tests with the mean values identified as: density, 
ρ=8,671 kg/m3 and Young’s modulus, E=49.51 GPa. The kinetic hardening effects was taken into 
account in the dynamic simulations: Johnson-Cook material model (Johnson and Cook, 1985) 
established in Chapter 5 (Eq. (5-3)) was applied to describe the stress-strain relationships of FE 
models in post-buckling deformations:  
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where, σ
d 
0  was the dynamic flow stress; εp represented the effective plastic strain; and 0  denoted the 
strain rate and the reference strain rate, respectively. 
0 was defined as 10
-3
 s
-1
 in this study. 
7.1.2 Validation of FEM 
To validate the finite element modelling, drop weight tests were performed on two types of 3D printed 
brass tubes, origami-patterned and conventional square quadruple-cell tubes. Each type of the tube has 
two specimens crushed in the experiments. In the crushing tests, MTS machine (type 810) was 
employed in the experiments, in which a mass of 125.77 kg dropped from a height of approximately 3 
m. The buckling procedures of the axially crushed tubes were captured by a high speed camera. An 
oscilloscope (Tektronix TDS 2024B) was applied to capture the displacement and force signals. It can 
be seen from Table 7-1, the measured geometric dimensions of 3D printed tubes were slightly 
different from that of numerical models, which were supposed to the results of manufacturing 
inaccuracy. To make a fair comparison to the experiments, the wall thickness values of the numerical 
models were calibrated by using the measured mass and volume since the wall thickness in the centre 
part of the physical specimens was unable to be measured accurately. 
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Table 7-1. Key geometric dimensions of physical and numerical models. 
Specimen 
Height of 
specimen 
H 
(mm)
 
Mean 
width 
D 
(mm)
 
Thickness 
of external 
wall 
t1 (mm) 
Thickness 
of internal 
stiffener 
t2 (mm) 
Folding 
angle 
θ ( ) 
Mass 
m 
(g) 
Conventional tube 
(quadruple cells) 
Physical 
model 
100 39.65 0.95 0.95 - 166.7 
Numerical 
model 
100 40 1 1 - 201.2 
Origami-tube 
(quadruple cells) 
Physical 
model 
100 39.66 0.83 1.15 81.77 162.3 
Numerical 
model 
100 40 0.90 1.18 80 201.2 
 
Figure 7-1 compared the deformation procedure and the load-displacement curves of the finite 
element modelling and experiments for the conventional and origami-patterned quadruple-cell tubes, 
respectively. Figures 7-2(a) and (b) clearly showed that the finite element (FE) models of both the two 
types tubes showed similar buckling modes to their experimental counterparts. It should be noted that 
in order to initiate a stable and progressive buckling process, artificial triggers were predefined to the 
numerical model of the conventional tube similar to the work by Fang et al. (Fang et al., 2015). The 
triggers were designed in a staggered manner along the circumferential direction with a certain 
distance from the top end of the tube equal to the half-wavelength, which were concaved inward with 
a depth of 0.2 mm, as illustrated in Fig. 7-1(c). Due to the pre-defined triggers, the FE conventional 
tube buckled from the top end with staggered folding patterns, while the buckling procedure of 
physical sample initiated randomly in the middle range following with identical folding patterns to the 
FE model. The deformation pattern for origami-patterned tube strictly followed the pre-folded origami 
patterns in both the experiments and simulations, both consisting of eight folds when fully collapsed. 
The load-displacement curves illustrated in Fig. 7-1(d) showed that both origami and conventional FE 
models showed similar changing trends to their corresponding experimental samples. The results also 
showed that the mean crushing force obtained in finite element modelling and experiments for the 
same type of tube was slightly different between each other: for the conventional tube, the 
experimental value (26.96 kN) was approximately 12.8% lower than the FEM value (30.92 kN); for 
the origami-patterned tube, the experimental value (24.35 kN) was 8.4% lower than that in numerical 
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simulations (26.57 kN). This difference was probably caused by the imperfections generated in 3D 
printing as the materials might be randomly distributed in certain regions in the manufacturing 
process. Apart from this difference, the finite element modelling still reliably reflected the real case in 
the experiments in terms of the deformation patterns and load-displacement relationships. Therefore, 
the established finite element modelling was applied in the following numerical simulations of this 
study. 
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Fig. 7-1. Comparison of deformation patterns and force-displacement curves between experiments and 
numerical simulations for conventional and origami-patterned quadruple-cell tubes: (a) deformation pattern 
observed in experiment and simulation for the conventional tube, (b) deformation pattern observed in 
experiment and simulation for the origami-patterned tube, (c) illustration of cross-sectional profile for the 
conventional quadruple-cell tube with artificial triggers, and (d) comparison of load-displacement curves 
between experiments and finite element modelling. 
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7.2 Dynamic effects 
7.2.1 Multi-objective optimization for the origami-patterned quadruple-cell tube 
Similar to the investigations conducted in Chapter 6, 25 finite element (FE) models were employed to 
analyse the influence of the wall thickness ratio (t2/t1) and the pre-folded folding angle (θ) on the 
crashworthiness of the origami-patterned quadruple-cell tube in dynamic crushing tests. Table 7-2 
listed the major numerical results for each specimen. The 4
th
-order expressions of specific energy 
absorption (SEA), crushing force ratio (Pi/Pm) and coefficient of fluctuation (ΔP/Pm) were obtained 
through response surface (RS) method and illustrated in Eqs. (7-2), (7-3) and (7-4). The coefficient of 
determination (R
2
) and root-mean-square error (RMSE) for the aforementioned three design 
objectives were obtained as [0.96, 0.35], [0.94, 0.007] and [0.86, 0.007], respectively, demonstrating 
good fitness of the response surface (RS) models to the FEM results. This sufficient approximation 
was also reflected in Fig. 7-3, in which the response surfaces smoothly went through the 25 sampling 
points. It should be noted that the deformation patterns of most FE models strictly followed the 
origami patterns pre-defined on the external tube wall during the crushing process. 
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Table 7-2. Summary of FEM results for the origami-patterned quadruple-cell tubes with different wall thickness 
ratios (t2/t1) and folding angles (θ) in dynamic crushing tests. 
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OP: origami-patterned quadruple-cell tube. 
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Specimen 
(dynamic) 
Wall 
thickness 
ratio, 
t2/t1 
Folding 
angle, 
θ 
(˚) 
Initial peak 
force, 
Pi 
(kN) 
Mean 
crushing 
force, 
Pm 
(kN) 
Specific 
energy 
absorption, 
SEA 
(kJ/kg) 
Standard 
deviation, 
ΔP 
(kN) 
Conventional 
tube 
1 - 60.49 41.81 13.43 2.58 
OP-A1 0.7 70 30.84 26.00 8.35 2.06 
OP-A2 0.7 72.5 33.07 28.19 9.05 1.84 
OP-A3 0.7 75 35.77 29.45 7.34 2.67 
OP-A4 0.7 77.5 38.01 31.22 7.84 3.06 
OP-A5 0.7 80 42.52 33.23 8.40 3.46 
OP-B1 0.85 70 33.11 27.97 9.45 1.74 
OP-B2 0.85 72.5 35.39 29.38 9.43 1.70 
OP-B3 0.85 75 37.98 31.50 10.12 2.18 
OP-B4 0.85 77.5 41.52 33.15 8.34 2.57 
OP-B5 0.85 80 44.48 34.77 9.02 3.35 
OP-C1 1 70 36.29 29.72 9.77 1.35 
OP-C2 1 72.5 38.64 31.54 10.49 2.23 
OP-C3 1 75 41.17 33.53 10.77 2.50 
OP-C4 1 77.5 44.25 35.70 11.65 1.87 
OP-C5 1 80 47.20 38.06 12.23 2.80 
OP-D1 1.15 70 39.56 32.03 10.29 1.67 
OP-D2 1.15 72.5 41.59 33.83 10.87 1.24 
OP-D3 1.15 75 43.96 36.28 11.65 1.89 
OP-D4 1.15 77.5 46.30 38.09 12.24 2.10 
OP-D5 1.15 80 49.22 39.98 12.84 1.81 
OP-E1 1.3 70 42.37 33.99 10.92 1.59 
OP-E2 1.3 72.5 44.41 35.76 11.49 1.48 
OP-E3 1.3 75 46.66 38.31 12.31 1.68 
OP-E4 1.3 77.5 49.60 40.11 12.89 1.96 
OP-E5 1.3 80 51.66 40.63 13.06 2.56 
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The response surfaces illustrated in Fig. 7-2 showed similar changing trends to those shown in Fig. 6-
3 except for the slight differences in the RS of crushing force ratio (Pi/Pm), demonstrating the stable 
crashworthiness performance of the origami-patterned quadruple-cell tube on the specific energy 
absorption (SEA) and coefficient of fluctuation (ΔP/Pm). The response surfaces illustrated that, when 
the folding angle (θ) was fixed at certain values, thicker internal ribs (larger t2/t1) could result in 
higher SEA and smaller ΔP/Pm. However, it might also lead to increased values of Pi/Pm when θ<75°. 
Figure 7-2 also showed that flatter folding patterns (larger θ) might lead to higher specific energy 
absorption (SEA) when the internal rib wall was thicker than the external origami wall (t2/t1>1), while 
crushing force ratio (Pi/Pm) and coefficient of fluctuation (ΔP/Pm) maintained almost constant values 
in this range. According to these findings, the high-performance designs of origami-patterned 
quadruple-cell tubes were supposed to be located in the range with t2/t1>1 and θ<75°, in which 
relatively higher SEA, smaller Pi/Pm and lower ΔP/Pm could be achieved simultaneously. 
 
Fig. 7-2. The quadratic response surfaces of the FEM results for origami-patterned quadruple-cell tubes showing 
the influences of the thickness ratio (t2/t1) and the folding angle (θ): (a) SEA response surface, (b) the crushing 
force ratio (Pi/Pm) response surface, and (c) the coefficient of fluctuation (ΔP/Pm) response surface. 
Based on the quadratic approximation formulae of SEA, Pi/Pm and ΔP/Pm (Eq. (7-2)-Eq. (7-4)), the 
nonlinearly constrained multi-objective optimization problem for the origami-patterned quadruple-cell 
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tube could be calculated by the following formation, which was identical to the one defined in 
Chapter 6: 
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(7-5) 
Figure 7-3 illustrated a series of Pareto frontiers with different SEA constraints, which were obtained 
through Eq. (7-5) by varying the values of weight factor ω and SEA reduction constraint j. The Pareto 
points on the convex curves demonstrated the optimal solutions with different emphasis on the 
optimization objectives Pi/Pm and ΔP/Pm, indicating massive choices satisfying different design 
requirements. It can be clearly seen that some Pareto points overlapped with each other when ΔP/Pm 
was more concerned in the optimization (larger ω) and the SEA reduction constraint j was greater 
than 3%. This phenomenon was mainly caused by the reason that the solutions obtained during the 
iterative procedure were found to be smaller than the pre-defined SEA reduction constraints. For 
instance, the first overlapped point on the Pareto set with 3% SEA reduction constraint obtained 
F=2.8% other than 3% or any larger percentage defined in the SEA constraint. When the SEA 
constraint was defined as j≤2% along with the weight ω=0.5, the optimal solution was achieved with 
Pi/Pm=1.22 and ΔP/Pm=0.044, which were 15.9% and 29% smaller than that of conventional tube. The 
wall thickness ratio (t2/t1) and the folding angle (θ) for the optimal design were obtained as 1.22 and 
78.81°, respectively, which were only 4.3% and 0.9% larger than the values of the optimal design 
obtained in quasi-static tests with the same SEA constraint, as shown in Table 7-4. This phenomenon 
indicated that the origami-patterned quadruple-cell tube had relatively stable energy absorption 
capacities, as the optimal designs for the dynamic and static simulations showed almost identical 
structural parameters. 
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Fig. 7-3. Pareto frontiers obtained by multi-objective optimization by using a linear weight for origami-
patterned quadruple-cell tubes under different SEA reduction constraints.  
7.2.2 Dynamic effects on the origami-triggered quadruple-cell tube and origami-patterned 
quintuple-cell tube 
To identify the influence of dynamic effects on the origami-triggered quadruple-cell tube and origami-
patterned quintuple-cell tube, their corresponding optimal designs with the largest specific energy 
absorption (SEA) in quasi-static tests were introduced from Chapter 6 to create the dynamic FE 
models. Both Johnson-Cook material model and dynamic loading conditions were applied in the 
dynamic simulations. The key FEM results summarized in Table 7-3 showed that, the three design 
objectives (SEA, Pi/Pm and ΔP/Pm) obtained by the dynamic model of origami-triggered tube were 
separately 26.6%, 21.2% and 9.4% larger than their counterparts in static tests. This difference was 
also illustrated in the load-displacement curves (Fig. 7-4), which showed that, as compared to the 
static curve, the crushing force of the dynamic model was evidently enhanced along with more violent 
crushing force fluctuations and greater initial peak force. For the origami-patterned quintuple-cell tube, 
no evident differences were observed between the quasi-static and dynamic models, which were 
probably because that, when the crushing force increased in dynamic tests, the effective crushing 
displacement was reduced as well and similar load-displacement relationships to the static tests were 
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maintained constantly as shown in Fig. 7-4. Table 7-3 also showed that, under dynamic crushing loads, 
the origami-triggered tube did not show better performance than the conventional tube as the ΔP/Pm 
was evidently increased accompanied by the reduced SEA and stable Pi/Pm. For the origami-patterned 
quintuple-cell tube, as compared to the conventional tube, the SEA and Pi/Pm increased by 5.7% and 
reduced by 21.4%, respectively, while the coefficient of fluctuation (ΔP/Pm) maintained almost 
constant. The results indicated that, as compared to quasi-static models, the dynamic effects could 
evidently enhance the crashworthiness of origami-triggered quadruple-cell tube, while the origami-
patterned quintuple-cell tube remained relatively stable performance. However, the conventional tube 
in dynamic tests showed better performance than the origami-triggered tube, while the origami-
patterned quintuple-cell tube could still reduce the crushing force ratio (Pi/Pm) and increase the SEA 
while maintain a relatively low ΔP/Pm. 
Table 7-3. Summary of FEM results with different material models and loading conditions 
Specimen 
Pre-folded 
pattern 
height, 
hp 
(mm) 
Diagonal 
length, 
ld 
(mm) 
Folding 
angle, 
θ 
(˚) 
SEA 
(kJ/kg)
 Pi/Pm
 ΔP/Pm 
Conventional dynamic model - - - 13.43 1.45 0.062 
Origami-triggered 
(quadruple cells) 
Dynamic 
model
1
 
5 - 66.20 12.85 1.43 0.093 
Static 
model 
5 - 66.20 10.15 1.18 0.085 
Origami-patterned 
(quintuple cells) 
Dynamic 
model 
- 15.36 80 14.20 1.14 0.060 
Static 
model 
- 15.36 80 13.29 1.25 0.065 
          1
Dynamic model: the numerical model with Johnson-Cook material model under dynamic loading. 
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Fig. 7-4. Comparison of load-displacement curves between conventional quadruple-cell square tube and the 
optimal designs of multi-cell origami tubes with different material properties and loading conditions. The static 
FEM results were introduced from Chapter 6. 
7.2.3 Dynamic effects for the structure design 
The aforementioned numerical models applied the Johnson-Cook material model and dynamic 
crushing loads simultaneously. In order to investigate the sensitivity of the structural design itself to 
the dynamic effects, a new type of dynamic model was proposed with the same material property as 
that defined in the quasi-static tests. To distinguish the two types of dynamic model, the newly created 
FE models in this section were named as dynamic model-B. Table 7-4 compared the key FEM results 
between the quasi-static tests and the newly designed dynamic tests for the four different types of 
multi-cell tube. The results showed that the specific energy absorption (SEA) obtained for all the four 
types of tubes maintained almost identical values to their corresponding static models. This 
phenomenon was also reflected in Fig. 7-5, in which the load-displacement curves for the same type 
of tube in quasi-static and dynamic simulations almost coincided with each other. For the crushing 
force ratio (Pi/Pm), except that the origami-triggered tube increased by 32.2% from 1.30 (quasi-static) 
to 1.35 (dynamic), the other three types tubes remained relatively stable performance. The difference 
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in Pi/Pm for the origami-triggered tube was supposed to be caused by the fact that the dynamic load 
evidently increased the initial peak force in the initial stage of crush, as illustrated in Fig. 7-5. The 
dynamic effects showed different influences on the coefficient of standard deviation (ΔP/Pm) for the 
four different types of tube: the conventional tube reduced by 28.6%; the origami-patterned and 
origami-triggered quadruple-cell tube increased by 24.3% and 10.6%, respectively; while the origami-
patterned quintuple-cell tube kept stable. All these findings indicated that the structural design for the 
origami-patterned quintuple-cell tube was insensitive to the dynamic effects, while it was different for 
the origami-triggered tube. The crushing force ratio (Pi/Pm) and the coefficient of fluctuation (ΔP/Pm) 
for the origami-triggered tube evidently varied from static simulations to dynamic ones. The origami-
patterned and conventional quadruple-cell tubes were mainly affected in terms of the coefficient of 
fluctuation (ΔP/Pm), and the former was much smaller than the latter in both quasi-static and dynamic 
tests. 
Table 7-4. Summary of FEM results under different loading conditions 
Specimen 
Wall 
thickness 
ratio, 
t2/t1 
Pre-
folded 
pattern 
height, 
hp 
(mm) 
Diagonal 
length, 
ld 
(mm) 
Folding 
angle, 
θ 
(˚) 
SEA 
(kJ/kg)
 Pi/Pm
 ΔP/Pm 
Conventional 
(quadruple cells) 
Dynamic 
model-B
1
 
- - - - 11.29 1.62 0.12 
Static 
model 
- - - - 10.42 1.63 0.168 
Origami-patterned 
(quadruple cells) 
Dynamic 
model-B 
1.17 - - 78.11 11.35 1.35 0.092 
Static 
model 
1.17 - - 78.11 10.26 1.30 0.074 
Origami-triggered 
(quadruple cells) 
Dynamic 
model-B 
- 5 - 66.20 10.37 1.56 0.094 
Static 
model 
- 5 - 66.20 10.15 1.18 0.085 
Origami-patterned 
(quintuple cells) 
Dynamic 
model-B 
- - 15.36 80 13.46 1.24 0.065 
Static 
model 
- - 15.36 80 13.29 1.25 0.065 
          1
Dynamic model-B: the numerical model with static material model under dynamic loading. 
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Fig. 7-5. Comparison of load-displacement curves for conventional quadruple-cell square tube and the optimal 
designs of multi-cell origami tubes with different loading conditions. The static FEM results were introduced 
from Chapter 6. 
7.3 Conclusions 
In this chapter, the influence of dynamic effects on the mechanical response and energy absorption 
capacities of the three types of multi-cell origami tubes that proposed in Chapter 6 was systematically 
investigated by dynamic crushing tests and finite element modelling. The dynamic crushing 
experiment was conducted by drop weight tests, which showed good agreements with the numerical 
simulations. Multi-objective optimization was performed on the origami-patterned quadruple-cell tube 
to simultaneously minimize the values of crushing force ratio (Pi/Pm) and the coefficient of fluctuation 
(ΔP/Pm) while maintaining relatively high specific energy absorption (SEA), which was defined as the 
constraint in the optimization problem. A series of optimal solutions were achieved through the 
response surface method (RSM) and presented as Pareto frontiers depending on the nonlinear weight 
technology. Dynamic crushing simulations were also applied on the origami-triggered tube and 
origami-patterned quintuple-cell tube based on the optimal designs established in Section 6.2.4. The 
sensitivity of the structure designs for all the types of multi-cell tube to the dynamic effects was 
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numerically analysed depending on the finite element modelling with the maintenance of the static 
material model in dynamic crushing simulations.  
The results showed that, for the origami-patterned quadruple-cell tube, the optimal design obtained 
from the dynamic simulations remained almost identical geometric dimensions to the quasi-static 
ones, demonstrating the stable crashworthiness of the origami tube in spite of the loading conditions. 
As compared to the conventional dynamic model, the origami-patterned quadruple-cell tube could still 
effectively reduce the crushing force ratio (Pi/Pm) and the coefficient of fluctuation (ΔP/Pm) without 
significantly sacrificing the specific energy absorption (SEA). It was found that dynamic effects had 
different influence on the origami-triggered tube. Three design objectives (SEA, Pi/Pm and ΔP/Pm) 
were increased simultaneously as compared to the quasi-static model, and the ΔP/Pm was evidently 
greater than that of the conventional tube along with reduced SEA and leveled of Pi/Pm. For the 
origami-patterned quintuple-cell tube, no evident differences were found between the quasi-static and 
dynamic models, and the SEA and Pi/Pm obtained by the dynamic model were found to be separately 
5.7% larger and 21.4% smaller than that of conventional tube. The results also showed that, without 
considering the kinetic hardening in the material model in dynamic crushing tests, the origami-
triggered tube could be effectively affected in terms of the crushing force ratio (Pi/Pm) and the 
coefficient of fluctuation (ΔP/Pm), while the conventional and origami-patterned quadruple-cell tubes 
were mainly influenced in terms of the values of ΔP/Pm and the origami-patterned quintuple-cell tube 
maintained almost identical values for all the three design objectives (SEA, Pi/Pm and ΔP/Pm) to the 
quasi-static results. 
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Chapter 8  
 
Final Remarks 
8.1 Main achievements 
This thesis is mainly focused on designing thin-walled tubular structures with pre-defined origami 
patterns for energy absorption purpose. The key achievements are listed as follows: 
Two types of single-cell origami tube were proposed with the introduction of different patterns 
(diamond and full-diamond) to circular tubes. The influences of the origami pattern and the tube wall 
thickness on the mechanical behaviour were investigated through finite element modelling and quasi-
static axial crushing tests. The results showed that pre-folded origami patterns could significantly 
reduce the initial peak force while increase (in full-diamond tube) or maintain (in diamond tube) the 
specific energy absorption as compared to conventional circular tubes when the tube thickness was 
sufficiently small. With the increase of the wall thickness, the difference in the initial peak force and 
energy absorption for all the three types of tubes (diamond, full-diamond and circular) became 
negligible. Quasi-static axial crushing tests were conducted on 3D printed brass samples, and showed 
good agreements with finite element modelling. 
A novel type of single-cell tube containing smooth dimpled ellipsoidal patterns was proposed. The 
influences of different design parameters on the mechanical response were systematically investigated 
via experimentally validated finite element modelling, including the ellipse aspect ratio (Re/re), the 
circumferential unit number (N1), the longitudinal unit number (N2), the wall thickness (t) and the 
dimple depth (he). The experimental results from quasi-static compression tests on 3D printed brass 
tubes showed a good agreement with the solutions from finite element modelling. The results showed 
that the aspect ratio of dimples had great influence on tube properties and the functions of 
circumferential and longitudinal dimples were remarkably different. To obtain high-performance 
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designs of dimpled tubes, it is recommended not to select excessively slender and wider ellipsoidal 
dimples arrayed in longitudinal direction, as they may lead to reduced mean crushing force and 
violent crushing force fluctuations, respectively. It was also found that a larger circumferential unit 
number might result in increased mean crushing force, as well as unfavourably increased initial peak 
force and more violent fluctuation of the crushing force, while the longitudinal unit number mainly 
affected the initial peak force. Remarkably reduced initial peak force could be achieved when 
increasing the longitudinal unit number. The thickness of the tube wall was another key factor that 
might result in higher mean crushing force, and might also increase initial peak force and fluctuation 
of the crushing force. However, the increase of the dimple depth could counteract this negative effect 
as it can influence the initial peak force without affecting the mean crushing force and the crushing 
force fluctuation. For the dimpled tube, to achieve the optimal design (low initial peak force, high 
mean crushing force and small fluctuation of the crushing force), balanced parameters should be 
selected depending on specific requirements of applications. 
An in-depth investigation was conducted on the full-diamond origami tube to study the influence of 
the number of structural units in the circumferential and longitudinal directions and the material 
properties as well as the dynamic effects on the mechanical properties through finite element 
modelling (FEM). Dimpled tubes with identical structural unit arrangements and conventional circular 
tube with the same mass were introduced to make a comparison with full-diamond tubes. It was found 
that more structural units in the circumferential direction (N1) could result in higher initial peak force 
and mean crushing force, while increasing the number of longitudinal units (N2) could lead to lower 
initial peak force and mean crushing force. As compared to the dimpled tubes, the initial peak force of 
full-diamond tubes with identical arrangement of structural units was relatively lower, while the mean 
crushing force could be higher if the structural units were properly arranged. It was also found that the 
material property had remarkable influence on the energy absorption capacity owing to the sensitivity 
of material constitutive relation on the buckling mode of full-diamond tubes. As compared to the 
static model, the crashworthiness of full-diamond tube in dynamic tests could be evidently enhanced, 
which was supposed to be caused by the kinetic hardening of material properties during the crush. The 
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full-diamond structure design was found to be insensitive to dynamic effects as the FE model 
maintaining the quasi-static material model showed almost the same crashworthiness performance in 
dynamic crushing tests as compared to the static tests. 
In addition to the single-cell origami tubes, three novel types of multi-cell tubes with pre-folded 
origami patterns on the tube surface were proposed. The influences of different design parameters on 
the energy absorption capacities were systematically investigated by experimentally validated finite 
element modelling. The influence of different design parameters on the three objectives, i.e., crushing 
force ratio (Pi/Pm), the coefficient of crushing force fluctuation (ΔP/Pm) and specific energy 
absorption (SEA), was visually illustrated from the corresponding response surfaces. For the origami-
patterned quadruple-cell tube, larger values of rib/surface wall thickness ratio (t2/t1) would lead to 
increased SEA, as well as unfavourably increased crushing force ratio (Pi/Pm), while the folding angle 
(θ) mainly affected the SEA. However, the folding angle (θ) effectively contributed to the crushing 
force ratio (Pi/Pm) for origami-triggered tubes, the larger folding angle the larger values of Pi/Pm. 
Meanwhile, reducing the height of pre-folded trigger (hp) could substantially increase the SEA and 
reduce the coefficient of fluctuation (ΔP/Pm). For the origami-patterned quintuple-cell tube, a larger 
folding angle (θ) might lead to a higher SEA and larger coefficient of fluctuation (ΔP/Pm). However, 
reducing the diagonal length of the central diamond cell (ld) could overcome this negative effect as it 
would decrease the values of ΔP/Pm and Pi/Pm without significantly affecting the SEA. 
Multi-objective optimization was performed on the different types of multi-cell origami tubes to 
simultaneously minimize the values of crushing force ratio (Pi/Pm) and the coefficient of fluctuation 
(ΔP/Pm). The specific energy absorption (SEA) was set as a constraint in the optimization problem. A 
series of optimal solutions were obtained and presented in convex curves representing Pareto frontiers, 
demonstrating wide choices for designers to satisfy different requirements. Based on the optimal 
solutions obtained from the multi-objective optimization, it could be found that origami-patterned and 
origami-triggered quadruple-cell tubes could maintain a relatively high SEA as compared to the 
conventional quadruple-cell square tube, while the origami-patterned quintuple-cell tubes have the 
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highest values. Moreover, the quintuple-cell origami tube could achieve the largest reduction in the 
coefficient of fluctuation (ΔP/Pm) among the studied tube designs. For the quadruple-cell origami 
tubes, the origami-patterned tube showed better performance in reducing the magnitude of 
fluctuations of the crushing force, while origami-triggered tubes could achieve significant reduction in 
the initial peak force. 
The results from quasi-static crushing tests on 3D-printed brass tubes showed good agreement with 
those from finite element modelling. A theoretical analysis on the mean crushing force of origami-
patterned quadruple-cell tube was carried out based on the simplified folding procedure proposed by 
Chen and Wierzbicki (Chen and Wierzbicki, 2001). The theoretical predictions showed good 
agreement with FE results.  
To investigate the influence of dynamic effects on the crashworthiness, experimentally validated 
dynamic crushing simulations were conducted on the three newly designed multi-cell origami tubes. It 
was found that, the origami-patterned quadruple-cell tube had relatively stable crashworthiness 
performance, as the optimal design with the largest SEA obtained in dynamic simulations showed 
almost identical structural parameters to that of quasi-static ones. As compared to the conventional 
tube with the same loading conditions, the origami-patterned quadruple-cell tube could effectively 
reduce the crushing force ratio (Pi/Pm) and the coefficient of fluctuation (ΔP/Pm) without significantly 
sacrificing the specific energy absorption (SEA). It was also found that the structural design for the 
origami-patterned quadruple-cell tube was insensitive to the dynamic effects except that the values of 
ΔP/Pm might be slightly increased in dynamic crushing tests. The origami-triggered structural design 
was found to be sensitive to the dynamic effects, as the crushing force ratio (Pi/Pm) and coefficient 
fluctuation (ΔP/Pm) for the FE model by using quasi-static material model were both enhanced in 
dynamic crushing simulations. Moreover, all the three design objectives (SEA, Pi/Pm and ΔP/Pm) for 
the FE model defined by using the Johnson-Cook material model were simultaneously increased in 
dynamic crushing simulations as compared to the static ones. Unlike the aforementioned quadruple-
cell origami tubes, the origami-patterned quintuple-cell tube obtained the most stable performance in 
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the crashworthiness in spite of the modification of material properties and loading conditions. 
However, the advantages in the energy absorption performance were evidently reduced in the 
dynamic crushing tests as compared to the conventional tube. 
8.2 Future work 
In this thesis, introducing origami patterns to conventional tubes has been proven to be an effective 
approach to improve the crashworthiness under uniaxial crushing. The improvements were found to 
be more remarkable on multi-cell tubes than that on single-cell tubes. The studies conducted in this 
thesis offered innovative solutions to the design of energy absorption structures. Three perspectives 
will be further investigated in the future as follows: 
1. Although theoretical models were proposed and showed good agreements with the numerical 
results for the quadruple-cell origami-patterned tubes, as illustrated in Section 6.3, the actual 
deformation procedures were found to be more complicated than the theoretical models. The 
difference was also reflected in Fig. 6-14 that the influence of the wall thickness ratio on the mean 
crushing force was more evident in the finite element modelling than that obtained from theoretical 
predictions. Therefore, a more advanced folding element needs to be proposed in the future work to 
accurately estimate the energy absorption of the axially crashed quadruple-cell origami-patterned 
tubes. Furthermore, the energy absorption formulae proposed in Section 6.3 could only be applied to 
multi-cell origami-patterned tube with crisscross sectional profiles, demonstrating that the expressions 
need to be improved before employed on tubes with oblique cross section shapes. On the other hand, 
no theoretical analyses have been proposed on the single-cell origami tubes, e.g., full-diamond and 
dimpled tubes. The theoretical model for the single-cell origami tubes would be challenging to be 
built as many deformation patterns did not precisely follow the pre-designed origami patterns.  
2. In this thesis, the origami tubes used in crushing tests were manufactured by 3D printing 
technology. It has been reported that many researches employed the origami mechanism technique to 
manufacture the origami-patterned tubes, such as the work done by Zhou et al. (Zhou et al., 2017), in 
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which steel plates were stamped by a specially designed mould to create half origami tubes. The half 
origami tubes were then welded and post-processed by heat treatment to form the whole tube. This 
approach is closer to the actual origami technique as compared to 3D printing as they changed the 
material properties around the folding lines through stamping. The influence of changed material 
properties of folding lines should be investigated in the future work as this manufacturing approach 
could be more cost-effective and practical. 
3. The energy absorption structures with origami patterns proposed in this thesis were only 
investigated under axially crushing loads. However, the crushing load would not always come from 
the vertical direction in accidents. Therefore, oblique crushing loads could be taken into account to 
investigate the influence of loading angle on the crashworthiness. Furthermore, it has been reported 
that the thin-walled beam with properly designed origami patterns could obtain massive plastic 
deformations along the entire beam in three point bending, as well as higher energy absorption and 
lower initial peak force than that of conventional beams (Ma and You, 2013, Li and You, 2014). 
Therefore, bending tests can be conducted on novel designs of origami tubes proposed in this thesis to 
investigate their energy absorption performance as origami beams. 
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